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CHAPTER 1

MULTILINEAR ALGEBRA

1.1 Background

We will list below some definitions and theorems that are part of
the curriculum of a standard theory-based sophomore level course
in linear algebra. (Such a course is a prerequisite for reading these
notes.) A vector space is a set, V, the elements of which we will refer
to as wvectors. It is equipped with two vector space operations:
Vector space addition. Given two vectors, vy and wvo, one can add
them to get a third vector, v + vs.

Scalar multiplication. Given a vector, v, and a real number, A, one
can multiply v by A to get a vector, Av.

These operations satisfy a number of standard rules: associativ-
ity, commutativity, distributive laws, etc. which we assume you’re
familiar with. (See exercise 1 below.) In addition we’ll assume you're
familiar with the following definitions and theorems.

1.  The zero vector. This vector has the property that for every
vector, v, v+ 0 =0-+v = v and Av = 0 if A is the real number, zero.

2. Linear independence. A collection of vectors, v;, 1 =1,...,k, is
linearly independent if the map

(1.1.1) RF -V, (c1y...,¢p) — cqv1 + -+ + vk
is1—1.
3. The spanning property. A collection of vectors, v;, i =1,...,k,

spans V' if the map (1.1.1) is onto.

4.  The notion of basis. The vectors, v;, in items 2 and 3 are a basis
of V if they span V and are linearly independent; in other words, if
the map (1.1.1) is bijective. This means that every vector, v, can be
written uniquely as a sum

(1.1.2) v= chi.
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2 Chapter 1. Multilinear algebra

5. The dimension of a vector space. If V possesses a basis, v;,
i=1,...,k, Vissaid to be finite dimensional, and k is, by definition,
the dimension of V. (It is a theorem that this definition is legitimate:
every basis has to have the same number of vectors.) In this chapter
all the vector spaces we’ll encounter will be finite dimensional.

6. A subset, U, of V is a subspace if it’s vector space in its own
right, i.e., for v, v1 and vy in U and A in R, Av and vy 4+ vy are in U.

7.  Let V and W be vector spaces. A map, A : V — W is linear if,
for v, v1 and vo in V and A € R

(1.1.3) A(dv) = NAv
and
(1.1.4) A(vy +v2) = Avy + Avy.

8. The kernel of A. This is the set of vectors, v, in V which get
mapped by A into the zero vector in W. By (1.1.3) and (1.1.4) this
set is a subspace of V. We'll denote it by “Ker A”.

9.  The image of A. By (1.1.3) and (1.1.4) the image of A, which
we’ll denote by “Im A”, is a subspace of W. The following is an
important rule for keeping track of the dimensions of Ker A and
Im A.

(1.1.5) dimV =dimKer A +dimIm A.

Example 1. The map (1.1.1) is a linear map. The v;’s span V if its
image is V and the v;’s are linearly independent if its kernel is just
the zero vector in R¥.

10. Linear mappings and matrices. Let vy,...,v, be a basis of V
and wi,...,wy, a basis of W. Then by (1.1.2) Av; can be written
uniquely as a sum,

m
(116) Avj = Zcmwi y Cij € R.

i=1
The m x n matrix of real numbers, [¢; ;], is the matriz associated
with A. Conversely, given such an m x n matrix, there is a unique
linear map, A, with the property (1.1.6).
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11.  An inner product on a vector space is a map
B:VxV-—=R
having the three properties below.
(a) For vectors, v, v1, v and w and A € R
B(vy + v9,w) = B(v,w) + B(va, w)

and
B(A\v,w) = AB(v,w) .

(b) For vectors, v and w,
B(v,w) = B(w,v) .
(¢) For every vector, v
B(v,v) > 0.
Moreover, if v # 0, B(v,v) is positive.
Notice that by property (b), property (a) is equivalent to
B(w, \v) = AB(w,v)

and
B(w,v1 4+ v2) = B(w,v1) + B(w,vq) .

The items on the list above are just a few of the topics in linear al-
gebra that we’re assuming our readers are familiar with. We’ve high-
lighted them because they're easy to state. However, understanding
them requires a heavy dollop of that indefinable quality “mathe-
matical sophistication”, a quality which will be in heavy demand in
the next few sections of this chapter. We will also assume that our
readers are familiar with a number of more low-brow linear algebra
notions: matrix multiplication, row and column operations on matri-
ces, transposes of matrices, determinants of n X n matrices, inverses
of matrices, Cramer’s rule, recipes for solving systems of linear equa-
tions, etc. (See §1.1 and 1.2 of Munkres’ book for a quick review of
this material.)
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Exercises.

1. Our basic example of a vector space in this course is R™ equipped
with the vector addition operation

(al,...,an)—i—(bl,...,bn) = (al +b1,...,an+bn)
and the scalar multiplication operation
AMag, ... an) = (Aaq, ..., ay).

Check that these operations satisfy the axioms below.

&
~—

Commutativity: v +w = w + v.

b) Associativity: u + (v + w) = (u +v) + w.

c) For the zero vector, 0 = (0,...,0), v+0=0+v.
v+ (—1)v=0.
lv =w.

= D
~— =

Associative law for scalar multiplication: (ab)v = a(bv).

Distributive law for scalar addition: (a 4+ b)v = av + bv.

oQ

e e Ten T on T on Ton T s
~— = ~—

=

Distributive law for vector addition: a(v + w) = av + aw.

2. Check that the standard basis vectors of R™: e; = (1,0,...,0),
es = (0,1,0,...,0), etc. are a basis.

3. Check that the standard inner product on R"

B((ay, ... an), (b1, ..., bn)) = > aib;
i=1

s an inner product.

1.2 Quotient spaces and dual spaces

In this section we will discuss a couple of items which are frequently,
but not always, covered in linear algebra courses, but which we’ll
need for our treatment of multilinear algebra in §§1.1.3 — 1.1.8.
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The quotient spaces of a vector space

Let V be a vector space and W a vector subspace of V. A W-coset
is a set of the form

v+W={v+w,weW}.

It is easy to check that if vy — vy € W, the cosets, v + W and
vo + W, coincide while if v; — vo & W, they are disjoint. Thus the
W-cosets decompose V' into a disjoint collection of subsets of V. We
will denote this collection of sets by V/W.

One defines a vector addition operation on V/W by defining the
sum of two cosets, v1 + W and v + W to be the coset

(1.2.1) vi+ve+ W

and one defines a scalar multiplication operation by defining the
scalar multiple of v + W by A to be the coset

(1.2.2) v+ W

It is easy to see that these operations are well defined. For instance,
suppose v1 + W = v} + W and vg + W = vy, + W. Then v; — v}
and vy — v) are in W3 so (v + v2) — (v] + v5) is in W and hence
vy +ve + W =] + 0+ W.

These operations make V/W into a vector space, and one calls
this space the quotient space of V by W.

We define a mapping

(1.2.3) TV -V/W

by setting m(v) = v + W. It’s clear from (1.2.1) and (1.2.2) that
7 is a linear mapping, and that it maps V to V/W. Moreover, for
every coset, v + W, w(v) = v + W; so the mapping, 7, is onto. Also
note that the zero vector in the vector space, V//W | is the zero coset,
04+ W = W. Hence v is in the kernel of w if v4+W =W ie,v e W.
In other words the kernel of 7 is W.

In the definition above, V and W don’t have to be finite dimen-
sional, but if they are, then

(1.2.4) dimV/W =dimV —dim W .

by (1.1.5).
The following, which is easy to prove, we’ll leave as an exercise.
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Proposition 1.2.1. Let U be a vector space and A :'V — U a linear
map. If W C Ker A there exists a unique linear map, A% : V/W — U
with property, A = A% or.

The dual space of a vector space

We'll denote by V* the set of all linear functions, ¢ : V. — R. If ¢
and fo are linear functions, their sum, 1 + 5, is linear, and if ¢ is
a linear function and A is a real number, the function, A\, is linear.
Hence V* is a vector space. One calls this space the dual space of V.

Suppose V' is n-dimensional, and let eq,...,e, be a basis of V.
Then every vector, v € V', can be written uniquely as a sum

v=rcie;+---+cpen, ¢ €ER.
Let

(1.2.5) e;(v) =¢.

7

If v =cie;+--+cpe, and v = cle; + -+ + e, then v+ =
(1 +c))er+-+ (en+d,)en, so

(0 +) = i+ &) = e (v) + e (v
This shows that e} (v) is a linear function of v and hence e} € V*.
Claim: €e,i=1,...,nis a basis of V*.

Proof. First of all note that by (1.2.5)
oy )1, i=7
(1.2.6) e;(ej) = { 0. i
If ¢ € V* let \; = {(e;) and let £/ = > \jef. Then by (1.2.6)

(1.2.7) Ceg) =Y Nief(ej) = Ay = Uey),

i.e., £ and ¢ take identical values on the basis vectors, e;. Hence
(=1,

Suppose next that )~ \;ef = 0. Then by (1.2.6), A; = (3_ \ief)(ej) =
0 for all j =1,...,n. Hence the e¥’s are linearly independent.

J
O
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Let V and W be vector spaces and A : V' — W, a linear map.
Given ¢ € W* the composition, £ o A, of A with the linear map,
f: W — R, is linear, and hence is an element of V*. We will denote
this element by A*¢, and we will denote by

AW - V*
the map, £ — A*/. It’s clear from the definition that
A*(£1 +ly) = A% + A%l

and that
AN = NA™Y,

i.e., that A* is linear.

Definition. A* is the transpose of the mapping A.

We will conclude this section by giving a matrix description of
A*. Let eq,...,e, be a basis of V and fi,..., f, a basis of W; let
el,...,epand ff,..., f bethe dual bases of V* and W*. Suppose A
is defined in terms of ey, ..., e, and f1,..., f;, by the m X n matrix,

la; ], i.e., suppose
Aej = Z amfi .

Claim. A* is defined, in terms of f;,..., f;, and e],..., ey, by the
transpose matrix, [a;;].

Proof. Let
A fF = Z cj i€ -
Then
A f(es) = criekle;) = cj
k

by (1.2.6). On the other hand
A'fi(ej) = [fi(Aej) = f} <Z ak,jfk) = an;f{ (fi) = aij
k

SO am' = Cjﬂ'.
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Exercises.

1.  Let V be an n-dimensional vector space and W a k-dimensional

subspace. Show that there exists a basis, eq,...,e, of V with the
property that eq,..., e is a basis of W. Hint: Induction on n — k.
To start the induction suppose that n —k = 1. Let eq,...,e,_1 be a

basis of W and e,, any vector in V — W.

2. Inexercise 1 show that the vectors f; = w(eg1;), i =1,...,n—k
are a basis of V/W.

3.  In exercise 1 let U be the linear span of the vectors, egi;, i =
1,....,n—k.

Show that the map
U—-V/W, u—mn(u),

is a vector space isomorphism, i.e., show that it maps U bijectively
onto V/W.

4. Let U, V and W be vector spaces and let A : V — W and
B :U — V be linear mappings. Show that (AB)* = B*A*.

5.  Let V =R? and let W be the x;-axis, i.e., the one-dimensional
subspace
{(21,0); 1 € R}

of R2.

(a) Show that the W-cosets are the lines, x9 = a, parallel to the
T1-axis.

(b) Show that the sum of the cosets, “xe = a” and “xg =" is the
coset “rg = a+0b".

(¢) Show that the scalar multiple of the coset, “ry = ¢” by the
number, A, is the coset, “zo = Ac”.

6. (a) Let (V*)* be the dual of the vector space, V*. For every
veV,let uy : V¥ — R be the function, u,(¢) = ¢(v). Show that
the i, is a linear function on V*, i.e., an element of (V*)*, and show
that the map

(1.2.8) w:V—= (V" v—p,

is a linear map of V' into (V*)*.
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(b) Show that the map (1.2.8) is bijective. (Hint: dim(V*)* =
dimV* = dimV, so by (1.1.5) it suffices to show that (1.2.8) is
injective.) Conclude that there is a natural identification of V' with
(V*)*, i.e., that V and (V*)* are two descriptions of the same object.

7. Let W be a vector subspace of V' and let
Wh={ecV* ((w)=0ifweW}.

Show that W= is a subspace of V* and that its dimension is equal to
dim V —dim W. (Hint: By exercise 1 we can choose a basis, e1, ..., e,
of V' such that ey,...ex is a basis of W. Show that ey ,...,¢e; is a
basis of W=.) W+ is called the annihilator of W in V*.

8. Let V and V' be vector spaces and A : V — V' a linear map.
Show that if W is the kernel of A there exists a linear map, B :
V/W — V', with the property: A = B o, m being the map (1.2.3).
In addition show that this linear map is injective.

9. Let W be a subspace of a finite-dimensional vector space, V.
From the inclusion map, ¢ : W+ — V*, one gets a transpose map,

L* . (V*)* N (WJ_)*
and, by composing this with (1.2.8), a map
Vop:Vo— (WH*.

Show that this map is onto and that its kernel is W. Conclude from
exercise 8 that there is a natural bijective linear map

v:V/W — (WH)*

with the property vom = (* o . In other words, V/W and (W+)* are
two descriptions of the same object. (This shows that the “quotient
space” operation and the “dual space” operation are closely related.)

10. Let V7 and V5 be vector spaces and A : V7 — V5 a linear map.
Verify that for the transpose map: A* : V5 — V*

KerA* = (ImA)*

and

ImA* = (KerA)t.
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11. (a) Let B:V xV — R be an inner product on V. For v € V'
let

ly,:V =R
be the function: ¢,(w) = B(v,w). Show that ¢, is linear and show
that the map

(1.2.9) L:V-V*" v—{,

is a linear mapping.

(b) Prove that this mapping is bijective. (Hint: Since dimV =
dim V* it suffices by (1.1.5) to show that its kernel is zero. Now note
that if v # 0 ¢,(v) = B(v,v) is a positive number.) Conclude that if

V' has an inner product one gets from it a natural identification of
V with V*.

12. Let V be an n-dimensional vector space and B : V xV — R

an inner product on V. A basis, eq,...,e, of V is orthonormal is
1 =y
(1.2.10) B(es, ej) —{ 0 it

(a) Show that an orthonormal basis exists. Hint: By induction let
ei, i =1,...,k be vectors with the property (1.2.10) and let v be a
vector which is not a linear combination of these vectors. Show that

the vector

w=uv— ZB(ei,v)ei
is non-zero and is orthogonal to the e;’s. Now let ex11 = Aw, where
A = B(w, w)_%.
(b) Letey,...e, and €],... e}, be two orthogonal bases of V and let
(1.2.11) ¢f = aijei.
Show that

(1 =k
(1.2.12) Zawal,k—{ 0 itk

(c) Let A be the matrix [a;;]. Show that (1.2.12) can be written
more compactly as the matrix identity

(1.2.13) AA =T

where [ is the identity matrix.
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(d) Let eq,...,e, be an orthonormal basis of V and e, ..., e} the
dual basis of V*. Show that the mapping (1.2.9) is the mapping,
Le;=¢€,1=1,...n.
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1.3 Tensors

Let V be an n-dimensional vector space and let V¥ be the set of all
k-tuples, (v1,...,vk), v; € V. A function

T:VF SR
is said to be linear in its i*" variable if, when we fix vectors, vy, . .., vi_1,
Vi41,---,Vk, the map
(1.3.1) VEV =T (V1. .y Vim1,V, Vg1, -+, Ug)
is linear in V. If T is linear in its i*" variable for i = 1,..., k it is said

to be k-linear, or alternatively is said to be a k-tensor. We denote
the set of all k-tensors by L£¥(V). We will agree that O-tensors are
just the real numbers, that is £°(V) = R.

Let Ty and T be functions on V*. It is clear from (1.3.1) that if
T7 and T are k-linear, so is T} + T». Similarly if T is k-linear and A
is a real number, AT is k-linear. Hence £¥(V/) is a vector space. Note
that for k = 1, “k-linear” just means “linear”, so L1(V) = V*,

Let I = (i1,...1;) be a sequence of integers with 1 < i, < n,
r=1,...,k. We will call such a sequence a multi-indezx of length k.
For instance the multi-indices of length 2 are the square arrays of
pairs of integers

(4,7), 1 <i,j<n

and there are exactly n? of them.

Exercise.

Show that there are exactly n* multi-indices of length k.
Now fix a basis, e1,...,e,, of V and for T € LF(V) let

(1.3.2) Tr =T(ei,-..,€,)

for every multi-index I of length k.

Proposition 1.3.1. The T;’s determine T, i.e., if T and T’ are
k-tensors and Tt =T} for all I, then T =T".
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Proof. By induction on n. For n = 1 we proved this result in § 1.1.
Let’s prove that if this assertion is true for n — 1, it’s true for n. For
each e; let T; be the (k — 1)-tensor

(’Ul, e ,’Un_l) — T(Ul,. .. ,vn_l,ei) .

Then for v = c1e1 + - - - epep
T('Ul, tee 7Un—17v) = Zciﬂ(v:h’ . 7Un—1)7

so the T;’s determine T'. Now apply induction.

The tensor product operation
If T7 is a k-tensor and T5 is an ¢-tensor, one can define a k+ /-tensor,
T1 ® Ts, by setting

(T @ To) (v, -y Vte) = Tr(v1, .o, 0p) T2 (Vi1 - - -, Vppr) -

This tensor is called the tensor product of T7 and Ts. We note that
if 71 or T is a O-tensor, i.e., scalar, then tensor product with it
is just scalar multiplication by i, that is a @ T = T ® a = aT
(a eR, T e LE(V)).

Similarly, given a k-tensor, 17, an f-tensor, 75 and an m-tensor,
T3, one can define a (k + ¢ + m)-tensor, T} ® To ® T3 by setting

(1.3.3) Ty @Ty®@T3(v1, ...y Vktttm)

= Tl(?)l, e ,'Uk)TQ('Uk+1, v ,Uk+g)T3(Uk+g+1, v ,Uk+g+m) .

Alternatively, one can define (1.3.3) by defining it to be the tensor
product of T7 ® To and T3 or the tensor product of 77 and Tb ® T5.
It’s easy to see that both these tensor products are identical with
(1.3.3):

(1.3.4) (Meh)eTlz=T1o(Lel3)=T1 T T;.

We leave for you to check that if A is a real number

(1.3.5) AN @Ty) = (NTh) @ Ty =T1 @ (M\T3)

and that the left and right distributive laws are valid: For ki = ko,

(1.3.6) (M4 T)RTs=T1 T3+ Ty ®1T3
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and for ko = k3
(1.3.7) T ® (T2 + Tg) =TT+ T,®135.

A particularly interesting tensor product is the following. For ¢ =
1,....klet £; € V* and let

(1.3.8) T=0LR Q.
Thus, by definition,
(1.3.9) T(vi,...,v) =l1(v1) ... Cx(vg) -

A tensor of the form (1.3.9) is called a decomposable k-tensor. These
tensors, as we will see, play an important role in what follows. In
particular, let ey, ..., e, be a basis of V and e], ..., e}, the dual basis
of V*. For every multi-index, I, of length £ let

er=¢€;, ® - ®e .
Then if J is another multi-index of length &,

. 1, I=J
(1.3.10) el(ejl,...,ejk):{ 0. I£J

by (1.2.6), (1.3.8) and (1.3.9). From (1.3.10) it’s easy to conclude
Theorem 1.3.2. The ¢}’s are a basis of L*(V).

Proof. Given T € LF(V), let

T = Tiej

where the T7’s are defined by (1.3.2). Then

(1.3.11) T'(ejy,.ve5) =D Trej(ej, .. e5) =Ty

by (1.3.10); however, by Proposition 1.3.1 the T';’s determine 7', so
T' = T. This proves that the e}’s are a spanning set of vectors for
LF(V). To prove they’re a basis, suppose

Z Cre; =0
for constants, C; € R. Then by (1.3.11) with 7" =0, C; = 0, so the

e7’s are linearly independent.
O

As we noted above there are exactly n* multi-indices of length k
and hence n* basis vectors in the set, {e7}, so we've proved

Corollary. dim £*(V) = n*.
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The pull-back operation

Let V and W be finite dimensional vector spaces and let A: V — W
be a linear mapping. If T € L¥(W), we define

AT :VF SR
to be the function
(1.3.12) A*T(Ul,... ,’Uk) = T(Avl,... ,A’Uk).

It’s clear from the linearity of A that this function is linear in its
ith variable for all i, and hence is k-tensor. We will call A*T the
pull-back of T by the map, A.

Proposition 1.3.3. The map
(1.3.13) A* kW) — £k, T - AT,

s a linear mapping.

We leave this as an exercise. We also leave as an exercise the
identity

(1.3.14) A*(Tl ®@Ty) = AT @ A*T)

for Ty € L¥(W) and Ty € L™(W). Also, if U is a vector space and
B :U — V a linear mapping, we leave for you to check that

(1.3.15) (AB)*T = B*(A*T)

for all T € LF(W).

Exercises.
1. Verify that there are exactly n* multi-indices of length k.

2. Prove Proposition 1.3.3.

w

Verify (1.3.14).

-

Verify (1.3.15).
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5. Let A:V — W be a linear map. Show that if £;, i =1,... k
are elements of W*

AL @ @0) =A@ @ Al

Conclude that A* maps decomposable k-tensors to decomposable
k-tensors.

6. Let V be an n-dimensional vector space and ¢;, i = 1,2, ele-
ments of V*. Show that {1 ® £5 = ¢ ® {1 if and only if ¢; and ¢
are linearly dependent. (Hint: Show that if ¢; and /9 are linearly
independent there exist vectors, v;, 2 =,1,2 in V with property

1, i=j

Now compare (¢1 ® l2)(v1,v2) and (f2 ® £1)(v1,v2).) Conclude that if
dim V' > 2 the tensor product operation isn’t commutative, i.e., it’s
usually not true that £ ® 5 = £y ® ¢;.

7. Let T be a k-tensor and v a vector. Define T, : VF=1 — R to
be the map

(1.3.16) Ty(viy.. o vp—1) =T(v,01,...,05_1).
Show that T, is a (k — 1)-tensor.

8. Show that if T} is an r-tensor and 75 is an s-tensor, then if
r >0,
(M @T2)y=(T1)y@Ts.

9. Let A:V — W be a linear map mapping v € V to w € W.
Show that for T € LF(W), A*(T,) = (A*T),.
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1.4 Alternating k-tensors

We will discuss in this section a class of k-tensors which play an
important role in multivariable calculus. In this discussion we will
need some standard facts about the “permutation group”. For those
of you who are already familiar with this object (and I suspect most
of you are) you can regard the paragraph below as a chance to re-
familiarize yourselves with these facts.

Permutations

Let ), be the k-element set: {1,2,...,k}. A permutation of order k
is a bijective map, o : >, — >_,. Given two permutations, o; and
09, their product, 0104, is the composition of o1 and o9, i.e., the map,

7 — 01(0’2(i)) 5

and for every permutation, o, one denotes by o~! the inverse per-
mutation:

o(i)=je o '(j) =i.
Let S);, be the set of all permutations of order k. One calls S} the

permutation group of ), or, alternatively, the symmetric group on
k letters.

Check:

There are k! elements in S.

For every 1 <i < j <k, let 7 = 7;; be the permutation
(@) = J
(1.4.1) T(j) = i
Tl) = ¢, (#1,].
7 is called a transposition, and if j =i+ 1, 7 is called an elementary
transposition.

Theorem 1.4.1. Every permutation can be written as a product of
finite number of transpositions.
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Proof. Induction on k: “k = 2” is obvious. The induction step: “k—1"
implies “k”: Given o € S, o(k) =i < 70(k) = k. Thus 7,0 is, in
effect, a permutation of >, . By induction, 7,50 can be written as
a product of transpositions, so

o :Tik(TikU)

can be written as a product of transpositions.
O

Theorem 1.4.2. Every transposition can be written as a product of
elementary transpositions.

Proof. Let 7 = 75, ¢ < j. With 7 fixed, argue by induction on j.
Note that for j > i+ 1

Tij = Tj=1,jTi,j—17Tj—1,j5 -

Now apply induction to 7; ;1.
O

Corollary. Every permutation can be written as a product of ele-
mentary transpositions.

The sign of a permutation

Let x1,...,7; be the coordinate functions on R¥. For o € Sy we
define
(i) — To(i
1.4.2 _1) = JT 2@ —2el)
1<)

Notice that the numerator and denominator in this expression are
identical up to sign. Indeed, if p = o (i) < o(j) = ¢, the term, x, —z,
occurs once and just once in the numerator and one and just one
in the denominator; and if ¢ = o (i) > o(j) = p, the term, x, — z,
occurs once and just once in the numerator and its negative, x4, — x,,
once and just once in the numerator. Thus

(1.4.3) (—1)7 = +1.
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Claim:
For o,7 € S
(1.4.4) (=) = (=1)%(-1)".

Proof. By definition,

Lor(i) — LTor(j
(_1)07 _ H (%) () )

T — 2
i<j v

We write the right hand side as a product of

Lr(i) — T1(5) T
(1.4.5) ——= =(-1)
g T — Ty
and
(1.4.6) [ ot = Feri)

i<j Tr@@) — T7(j)

Fori < j,let p = 7(i) and ¢ = 7(j) when 7(i) < 7(j) and let p = 7(j)
and ¢ = 7(¢) when 7(j) < 7(¢). Then

Lor(i) — Tor() _ Tolp) ~ Tolg)

Lr(i) = Tr(5) Tp — Tq

(i.e., if 7(i) < 7(j), the numerator and denominator on the right
equal the numerator and denominator on the left and, if 7(j) < 7(7)
are negatives of the numerator and denominator on the left). Thus
(1.4.6) becomes
Lo — Lo
H (p) (9) _ (_1)0 )

T, —x
p<qg P 71

O

We’ll leave for you to check that if 7 is a transposition, (—1)" = —1
and to conclude from this:

Proposition 1.4.3. If o is the product of an odd number of trans-
positions, (—1)7 = —1 and if o is the product of an even number of

transpositions (—1)7 = +1.
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Alternation

Let V' be an n-dimensional vector space and T' € L£*(v) a k-tensor.
If o € Sk, let T7 € L*(V') be the k-tensor

(147) TU(’Ul, ce ,’Uk) = T(Ug—l(l), ce 700*1(16)) .

Proposition 1.44. 1. If T=01R - - Q4Lg, £; € V*, then T? =
Loy @+ @ Ly(y-

2. The map, T € LF(V) — T° € LF(V) is a linear map.
3. T = (T7).
Proof. To prove 1, we note that by (1.4.7)
(L@ @) (v1,...,0%)
= l1(Vo-1(1)) (Vo1 (1)) -

Setting 071 (i) = ¢, the i term in this product is £,y (vq); so the
product can be rewritten as

Loy (V1) -+ Lo ry (Vi)

or

(Ecr(l) ®--Q go‘(k))(vlv s avk) :
The proof of 2 we’ll leave as an exercise.

Proof of 3: By item 2, it suffices to check 3 for decomposable
tensors. However, by 1

(L@ @) = Lor) @ @ Lor()
= (67’(1) & gﬂ'(k))o
= (L1 07,

Definition 1.4.5. T € £*(V) is alternating if T% = (=1)°T for all
oeSg.

We will denote by A*(V) the set of all alternating k-tensors in

LF(V). By item 2 of Proposition 1.4.4 this set is a vector subspace
of LF(V).
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It is not easy to write down simple examples of alternating k-
tensors; however, there is a method, called the alternation operation,
for constructing such tensors: Given T' € L*(V) let

(1.4.8) AWT =) (=1)7T7.

TESE

We claim

Proposition 1.4.6. For T € L*(V) and o € S},
1. (AWT)? = (—-1)7AltT
2. ifT e A¥(V), AltT = kIT.
3. AT = (AltT)°
4 the map
Alt - LF(V) — £F(V), T — Alt(T)
1s linear.
Proof. To prove 1 we note that by Proposition (1.4.4):
(ALT)” = Y (-1)7(T°7)
= (-7 _(-17TT".

But as 7 runs over Si, o7 runs over Si, and hence the right hand
side is (—1)7Alt (7).

U
Proof of 2. If T € A*
ART = ) (-1)T7
= YT
= KIT.
U

Proof of 3.

AT = Z(_l)TTTU — (_1)0 Z(_l)TJTTU
— (“1)7ALT = (ALt T)" .
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Finally, item 4 is an easy corollary of item 2 of Proposition 1.4.4.
O

We will use this alternation operation to construct a basis for
AF(V). First, however, we require some notation:
Let I = (i1,...,1;) be a multi-index of length k.

Definition 1.4.7. 1. [ is repeating if i, = is for some r # s.
2. I is strictly increasing if i1 < ig < -+ < .

3. Foro € Sk, I7 = (ig(1) -+ lok)) -

Remark: If I is non-repeating there is a unique o € Sy so that I
is strictly increasing.
Let e1,...,e, be a basis of V and let

* * *
61—6i1®"'®6ik

and
Yy = Alt (e7).
Proposition 1.4.8. 1. ¢ = (—1)%¢;.

2. If I is repeating, v; = 0.
3. IfI and J are strictly increasing,

1 I=J
¢I(ej17'--7ejk):{ 0 I#J

Proof. To prove 1 we note that (e7)? = eJ,; so
Alt (e7o) = Alt (e7)? = (—1)7Alt (e7) -
O

Proof of 2: Suppose I = (i1,...,i) with i, = i, for r # s. Then if
T = Ti,is> €] = €]r SO

Y = = (=1)"pr = =9y .



1.4 Alternating k-tensors 23
Proof of 8: By definition
V(e ren) =Y (1)7ei (e, €5,).
But by (1.3.10)

i} 1T =J
(1.4.9) 617(611""’6Jk)_{ 0if I" #J

Thus if I and J are strictly increasing, I7 is strictly increasing if and
only if I” = I, and (1.4.9) is non-zero if and only if I = J.
O
Now let T be in A*. By Proposition 1.3.2,

T:Zaje}, ay€R.

Since

kT Alt (T)
1 .
T = HZaJAlt(eJ) => by

We can discard all repeating terms in this sum since they are zero;
and for every non-repeating term, J, we can write J = I?, where [
is strictly increasing, and hence ¢ ; = (—1)7¢;.

Conclusion:

We can write T' as a sum

(1.4.10) T=> e,

with I’s strictly increasing.

Claim.

The c¢;’s are unique.
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Proof. For J strictly increasing

(1.4.11) T(ejy,---re5,) = > crrlej, .. ej,) =cu.

By (1.4.10) the #;’s, I strictly increasing, are a spanning set of vec-
tors for A*(V), and by (1.4.11) they are linearly independent, so
we’ve proved

Proposition 1.4.9. The alternating tensors, ¥y, I strictly increas-
ing, are a basis for AF(V).

Thus dim A* (V) is equal to the number of strictly increasing multi-
indices, I, of length k. We leave for you as an exercise to show that
this number is equal to

n n! “ 29
(1.4.12) <k> = I = “mn choose k
Hf1<k<n.
O
Hint: Show that every strictly increasing multi-index of length &
determines a k element subset of {1,...,n} and vice-versa.
Note also that if k¥ > n every multi-index
I=(i1,...,0)

of length k£ has to be repeating: i, = i, for some r # s since the i),’s
lie on the interval 1 < ¢ < n. Thus by Proposition 1.4.6

Yr=0
for all multi-indices of length k£ > 0 and
(1.4.13) AF = {0}.

Exercises.

1. Show that there are exactly k! permutations of order k. Hint: In-
duction on k: Let 0 € S, and let o(k) =4, 1 < i < k. Show that
7,0 leaves k fixed and hence is, in effect, a permutation of >, ;.

2. Prove that if 7 € Sy is a transposition, (—1)” = —1 and deduce
from this Proposition 1.4.3.
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3. Prove assertion 2 in Proposition 1.4.4.

4. Prove that dim A¥(V) is given by (1.4.12).

5. Verify that for i < j — 1
TZ?] = Tj—l,]TZ,]—].? T]_lvj N

6. For k = 3 show that every one of the six elements of S3 is either
a transposition or can be written as a product of two transpositions.

7.  Let o0 € S be the “cyclic” permutation
oiy=i4+1, 1=1,...,k—1

and o(k) = 1. Show explicitly how to write o as a product of trans-
positions and compute (—1)?. Hint: Same hint as in exercise 1.

8.  In exercise 7 of Section 3 show that if T'is in A*, T}, is in A*~1.
Show in addition that for v,w € V and T € A*, (T},)y, = —(Ty)w-

9. Let A:V — W be a linear mapping. Show that if 7" is in
AE(W), A*T is in AF(V).

10. In exercise 9 show that if T is in £¥ (W), Alt (A*T) = A*(Alt (T)),
i.e., show that the “Alt” operation commutes with the pull-back op-
eration.
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1.5 The space, A*(V*)

In § 1.4 we showed that the image of the alternation operation, Alt :
LE(V) — £F(V) is A¥(V). In this section we will compute the kernel
of Alt.

Definition 1.5.1. A decomposable k-tensor {1 Q@ --- Q@ £y, £; € V*,
is redundant if for some index, i, £; = ;1.

Let Z% be the linear span of the set of reductant k-tensors.
Note that for £ = 1 the notion of redundant doesn’t really make
sense; a single vector £ € L1(V*) can’t be “redundant” so we decree

V) = {0}.
Proposition 1.5.2. If T € ZF, Alt (T) = 0.
Proof. Let T = 0},®--- @4, with {; = £; 1. Thenif 7 = 7,41, T" =T
and (—1)" = —1. Hence Alt (T') = Alt (T7) = At (T)" = —Alt (T);
so Alt (T') = 0. O

To simplify notation let’s abbreviate £*(V), A¥(V) and Z¥(V) to
Lk, A* and T*.

Proposition 1.5.3. If T € I" and T" € L then TQT' and T' @ T
are in I" TS,

Proof. We can assume that T and 7" are decomposable, i.e., T =
(@@L and T' = 0] ®--- @/, and that T is redundant: £; = ;1.
Then

TRT =06 ® 416060 L, @0 ®-- QL

is redundant and hence in Z"*¢. The argument for 77 ® T is similar.
O

Proposition 1.5.4. If T € LF and o € Sy, then
(1.5.1) T = (-1)°T+ S

where S is in I*.
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Proof. We can assume 1 is decomposable, i.e., T' = /1 ® -+ ® L.
Let’s first look at the simplest possible case: k = 2 and o = 7q2.
Then

T° = (=)°T = L@b+lboh
= (Lh+l)R U1+l — @l —l®2)/2,
and the terms on the right are redundant, and hence in Z2. Next

let k be arbitrary and 0 = 7;41. f 71 =41 @ - ® £j_9 and Ty =
lizo® -+ ® L. Then

T—(-1)T=T1® l; ®lip1+ i1 ® ;) @T3

is in Z* by Proposition 1.5.3 and the computation above.
The general case: By Theorem 1.4.2, o can be written as a product
of m elementary transpositions, and we’ll prove (1.5.1) by induction
on m.
We’ve just dealt with the case m = 1.
The induction step: “m — 1”7 implies “m”. Let o = 73 where 3 is a
product of m — 1 elementary transpositions and 7 is an elementary
transposition. Then
7= (1% = (~17T7 4.

= ()7 (-1)PT+- -

= (-1)°T+-
where the “dots” are elements of 7%, and the induction hypothesis

was used in line 2.
O

Corollary. If T € LF, the
(1.5.2) AWW(T)=KT+ W,
where W is in I*.

Proof. By definition Alt (T') = »"(—1)?7T, and by Proposition 1.5.4,
T° = (=1)°T + W, with W, € Z*. Thus

A(T) = D (=1)7(=1)7T + > (-1)7W,
= KT +W
where W = > (—1)7W,.
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Corollary. % is the kernel of Alt .

Proof. We've already proved that if T € ZF, Alt (T) = 0. To prove
the converse assertion we note that if Alt (7') = 0, then by (1.5.2)

T=—-Ltw.
with W e ZF . ]

Putting these results together we conclude:

Theorem 1.5.5. Every element, T, of LF can be written uniquely
as a sum, T =T, + Ty where Ty € A* and T, € TF.

Proof. By (1.5.2), T =T, + T, with
Ty = LAL(T)
and
T, = —HW.

To prove that this decomposition is unique, suppose 11 + 15 = 0,
with T} € A* and T, € Z%. Then

0=Alt (11 +Tz) = k'T}
so T7 = 0, and hence Ty = 0.

Let
(1.5.3) AV = ek TR vy,

ie., let A¥ = A*(V*) be the quotient of the vector space £* by the
subspace, Z%, of £*. By (1.2.3) one has a linear map:

(1.5.4) T LV S AP T T4+ T
which is onto and has Z* as kernel. We claim:

Theorem 1.5.6. The map, 7, maps AF bijectively onto AF.

Proof. By Theorem 1.5.5 every Z* coset, T + ¥, contains a unique
element, Ty, of A*. Hence for every element of A* there is a unique
element of A* which gets mapped onto it by .

O
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Remark. Since A* and AF are isomorphic as vector spaces many
treatments of multilinear algebra avoid mentioning A¥, reasoning
that AF is a perfectly good substitute for it and that one should,
if possible, not make two different definitions for what is essentially
the same object. This is a justifiable point of view (and is the point
of view taken by Spivak and Munkres'). There are, however, some
advantages to distinguishing between A* and A*, as we’ll see in § 1.6.

Exercises.

1. A k-tensor, T, € L¥(V) is symmetric if T = T for all o € S
Show that the set, S¥(V'), of symmetric k tensors is a vector subspace

of LF(V).
2. Let e1,...,e, be a basis of V. Show that every symmetric 2-

tensor is of the form
> " aije; @ €]

where a; ; = a;; and e, ..., e; are the dual basis vectors of V*.

3. Show that if T is a symmetric k-tensor, then for k > 2, T is
in ZF. Hint: Let o be a transposition and deduce from the identity,
T° =T, that T has to be in the kernel of Alt.

4. Warning: In general S¥(V') # TF(V). Show, however, that if
k = 2 these two spaces are equal.

5.  Show that if { € V* and T € ZF 2, then f @ T ® £ is in I".

6. Show that if /; and ¢5 are in V* and T is in Ik_Q, then /1 ®
T®Ulb+lT (¢ is in I

7. Given a permutation o € S, and T € Z*, show that T € T*.

8. Let W be a subspace of £* having the following two properties.

(a) For S€S%(V)and T € L£F2, S® T is in W.
(b) For T'in W and o € Sk, T is in W.

Land by the author of these notes in his book with Alan Pollack, “Differential Topol-

9

ogy
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Show that W has to contain 7% and conclude that Z* is the small-
est subspace of £* having properties a and b.

9.  Show that there is a bijective linear map

a: AP — AF
with the property
1
(1.5.5) arn(T) = EAlt (T)

for all T € £*, and show that « is the inverse of the map of A* onto
AF described in Theorem 1.5.6 (Hint: §1.2, exercise 8).

10. Let V be an n-dimensional vector space. Compute the dimen-
sion of S¥(V). Some hints:

(a) Introduce the following symmetrization operation on tensors
T € LF(V):

Sym(T) = Y T7.

TESK

Prove that this operation has properties 2, 3 and 4 of Proposi-
tion 1.4.6 and, as a substitute for property 1, has the property:
(SymT')? = SymT.

(b) Let ¢r = Sym(e}), e = €;, ® --- ® e . Prove that {¢, I
non-decreasing} form a basis of S*(V).

(¢) Conclude from (b) that dim S*(V) is equal to the number of
non-decreasing multi-indices of length k: 1 < iy <9 < --- <l < n.

(d) Compute this number by noticing that
(il,...,in) — (i1+0,i2+1,...,ik+k—1)

is a bijection between the set of these non-decreasing multi-indices
and the set of increasing multi-indices 1 < j; < - < jp <n+k—1.
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1.6 The wedge product

The tensor algebra operations on the spaces, £F(V'), which we dis-
cussed in Sections 1.2 and 1.3, i.e., the “tensor product operation”
and the “pull-back” operation, give rise to similar operations on the
spaces, A¥. We will discuss in this section the analogue of the tensor
product operation. As in § 4 we’ll abbreviate £F(V) to £F and AF(V)
to A* when it’s clear which “V?” is intended.

Given w; € A¥, i = 1,2 we can, by (1.5.4), find a T; € £* with
w; = 7(T;). Then Ty @ Ty € LF1HF2, Let

(1.6.1) w1 Awy = (T) ® Ty) € AFrtke

Claim.

This wedge product is well defined, i.e., doesn’t depend on our choices
of T1 and TQ.

Proof. Let w(Ty) = w(T]) = wy. Then T = T} + W, for some W; €
I"“, SO
T{@Tg =TT+ W 1.

But W; € ZF' implies W, @ Ty € ZF1 %2 and this implies:
7T(T1, @Ty) =m(Th @ Ts) .

A similar argument shows that (1.6.1) is well-defined independent of
the choice of T5.
O

More generally let w; € A%, i = 1,2,3, and let w; = 7(T}), T; €
LFi. Define

w1 Nwa Nws € ARitkatks

by setting
wiAwa Aws =m(T1 @To @T3) .

As above it’s easy to see that this is well-defined independent of the
choice of T, Ty and T3. It is also easy to see that this triple wedge
product is just the wedge product of wi Awsy with w3 or, alternatively,
the wedge product of w; with wy A ws, i.e.,

(1.6.2) w1 Nwo ANwg = (wl N (,UQ) Nwg = w1 A (o.)g A wg).
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We leave for you to check:
For A e R

(1.6.3) /\(wl A wg) = ()\wl) Nwy = wi A ()\o.)g)

and verify the two distributive laws:

(1.6.4) (w1 —|—w2) Nwsg = w1 NAwg—+wo Aws
and
(1.6.5) w1 A (wg + W3) = w1 Awoy+wi ANws.

As we noted in § 1.4, ZF = {0} for k = 1, i.e., there are no non-zero
“redundant” k tensors in degree k = 1. Thus

(1.6.6) A VY =V = (v,

A particularly interesting example of a wedge product is the fol-
lowing. Let £; € V* = AY(V*),i=1,...,k. Thenif T =1 ®--- @4

(1.6.7) UGN Nl =7(T) € A¥(V*).

We will call (1.6.7) a decomposable element of A*(V*).
We will prove that these elements satisfy the following wedge prod-
uct identity. For o € S:

(1.6.8) Ea(l) VANRERIVAN Ea(k) = (=170 NNl

Proof. For every T € LF, T = (—=1)°T + W for some W € I* by
Proposition 1.5.4. Therefore since m(W) =0

(1.6.9) 7(T7) = (—1)°x(T).
In particular, if T'=41 @ - @ by, T = L5(1) @ - @ Loy, SO

T(T7) = Loy N Ny = (=1)77(T)
(L)l A Ay

In particular, for ¢; and ¢, € V*

(1.6.10) Ui Ny = —Ly N1
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and for ¢, £ and ¢3 € V*
(1.6.11) LNl Nl = —la Nl Nl =Ly NE3 N

More generally, it’s easy to deduce from (1.6.8) the following result
(which we’ll leave as an exercise).

Theorem 1.6.1. Ifw; € A" and wy € A® then
(1.6.12) w1 Nwg = (—1)TSWQ A wi .

Hint: It suffices to prove this for decomposable elements i.e., for
wi =0 AN ANl and wg = €] A --- A L. Now make rs applications
of (1.6.10).

Let eq,...,e, be a basis of V and let €7, ..., e be the dual basis
of V*. For every multi-index, I, of length £k,

(1.6.13) e, N-ef, =m(er) =7(ef, ®---®@e¢j ).

i1 ik ik

Theorem 1.6.2. The elements (1.6.13), with I strictly increasing,
are basis vectors of A*.

Proof. The elements
r = Alt (e}), I strictly increasing,

are basis vectors of A* by Proposition 3.6; so their images, 7(¢;),
are a basis of A*. But

n(yr) = )y (~1)7(e)”

Exercises:

1. Prove the assertions (1.6.3), (1.6.4) and (1.6.5).

2. Verify the multiplication law, (1.6.12) for wedge product.
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3. Given w € A" let w* be the k-fold wedge product of w with
itself, i.e., let w? =w A w, w? =w A w A w, etc.

(a) Show that if 7 is odd then for k > 1, w¥ = 0.
(b) Show that if w is decomposable, then for k > 1, w* = 0.

4. If w and p are in A?" prove:

=3 </;>wwk_g'

=0

Hint: As in freshman calculus prove this binomial theorem by induc-
tion using the identity: (';) = (12:11) + (171).

5. Let w be an element of A?. By definition the rank of w is k if
wk # 0 and w**! = 0. Show that if

w=e A fi+--+exAfi
with e;, f; € V*, then w is of rank < k. Hint: Show that

wk:k!el/\fl/\'--/\ek/\fk.

6. Givene; € V*, i =1,...,k show that e; A--- Aep # 0 if and
only if the e;’s are linearly independent. Hint: Induction on k.
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1.7 The interior product

We’ll describe in this section another basic product operation on the
spaces, AF(V*). As above we'll begin by defining this operator on
the £F(V)’s. Given T € LF(V) and v € V let T be the be the
(k — 1)-tensor which takes the value

(1.7.1)
k

W (Vi V1) = Z(—l)r_lT(Vl, ey Vpo 1,V Ve VD)

r=1

on the k — 1-tuple of vectors, vi,...,Vk_1, i.e., in the r* summand
on the right, v gets inserted between v,_; and v,. (In particular
the first summand is T'(v,vy,...,vg—1) and the last summand is
(=) 1T (vy,...,vk_1,V).) It’s clear from the definition that if v =
V1 + Vo

(1.7.2) wI' = w3, T+ 1y,T,
and if T =T7 + 15
(1.7.3) wI = T1+ 1,1y,

and we will leave for you to verify by inspection the following two
lemmas:

Lemma 1.7.1. IfT is the decomposable k-tensor {1 ® - -- @ ¢}, then
(1.7.4) LVT:Z(_l)T’—lgT(V)gl ®’”®Zr®”‘®£k

where the “cap” over £, means that it’s deleted from the tensor prod-
uct

and

Lemma 1.7.2. If Ty € LP and Ty € LY

(1.7.5) (T @T) =1, Th @To + (—1)PT1 @ 1Ty .
We will next prove the important identity

(1.7.6) t(tyT)=0.

Proof. 1t suffices by linearity to prove this for decomposable tensors
and since (1.7.6) is trivially true for T € £!, we can by induction
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assume (1.7.6) is true for decomposible tensors of degree k — 1. Let
/1 ® --- ® f, be a decomposable tensor of degree k. Setting T =
L ® - RF_1 and £ = £}, we have

Lv(€1®"‘®£k) = LV(T®£)
= TR+ (=) )T
by (1.7.5). Hence

W T@0) = ty(T) @0+ (=1 20(v), T
+(=D)F (), T
But by induction the first summand on the right is zero and the two

remaining summands cancel each other out.
O

From (1.7.6) we can deduce a slightly stronger result: For vq, vy €
v

(1.7.7) Lyy byy = —lyylyy -
Proof. Let v.=vy + va. Then ¢y = iy, + Ly, SO

0=1tyty = (bv; +twa)(tv; +tv,)
byibvy H by byy T byglyy F Lyg by
= lyilyy + Lyylyy

since the first and last summands are zero by (1.7.6).
O

We'll now show how to define the operation, ¢, on A*(V*). We'll
first prove
Lemma 1.7.3. If T € L£F is redundant then so is v, T.
Proof. Let T =T, ® L ® £ ® T, where £ is in V*, T} is in LP and 15
is in £9. Then by (1.7.5)
W = w1 QRLRILRQTH

H=1)PTh @1, (0@ 0) @ T
F+(-1)PPTy @ @4 @ 1Ty .
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However, the first and the third terms on the right are redundant
and

(@) =L(v)l —L(v)L
by (1.7.4). 0

Now let 7 be the projection (1.5.4) of £* onto A* and for w =
7(T) € AF define

(1.7.8) tyw = 7(t,T).

To show that this definition is legitimate we note that if w = 7 (T4) =
7(Ty), then Ty — Ty € ZF, so by Lemma 1.7.3 1,71 — 1Ty € ZF~! and
hence

7T([,VT1) = 7T(LVT2) .

Therefore, (1.7.8) doesn’t depend on the choice of T'.

By definition ¢, is a linear mapping of A¥(V*) into AF=1(V*).
We will call this the interior product operation. From the identities
(1.7.2)(1.7.8) one gets, for v,vi,vo € V w € A* w; € AP and
Wy € A?

(1.7.9) Lviqva)W = by W by w

(1.7.10) ty(wi Awa) = tywi Awa + (—1)Pwy A tywo
(L.7.11)  w(tyw) =0

and

(1.7.12) byl = —lyyly W

Moreover if w = £ A --- A ), is a decomposable element of A¥ one
gets from (1.7.4)

k
(1.7.13) ww =Y (1) (W) A A A Al
r=1
In particular if e, ..., e, is a basis of V, €], ..., e} the dual basis of

V¥andwr =ej A---Aef, 1 <ip <. <ip <n, then t(ej)wr =0
if j ¢ I and if j =i,

(1.7.14) wej)wr = (—1)" " twy

r

where I, = (iy,... ,/z'\r,...,ik) (i.e., I, is obtained from the multi-
index I by deleting i,).
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Exercises:

1. Prove Lemma 1.7.1.
2. Prove Lemma 1.7.2.

3. Show that if T € A¥, i, = kT, where T, is the tensor (1.3.16).
In particular conclude that i,7° € A*~1. (See §1.4, exercise 8.)

4. Assume the dimension of V is n and let 2 be a non-zero element
of the one dimensional vector space A™. Show that the map

(1.7.15) p: V= A" v 0,0,

is a bijective linear map. Hint: One can assume = e] A --- Aey,
where eq,...,e, is a basis of V. Now use (1.7.14) to compute this
map on basis elements.

5. (The cross-product.) Let V be a 3-dimensional vector space, B
an inner product on V and Q a non-zero element of A3. Define a map

VxV -V
by setting
(1.7.16) v1 X vy = p~H(Lwy A Lug)

where p is the map (1.7.15) and L : V — V* the map (1.2.9). Show
that this map is linear in vy, with vy fixed and linear in vy with vy
fixed, and show that v1 X v9 = —v9 X v7.

6. For V =R3let e;, ey and es be the standard basis vectors and
B the standard inner product. (See §1.1.) Show that if 2 = ej AejAes
the cross-product above is the standard cross-product:

e1 X eg = €3
(1.7.17) ey X €3 = €1

ez X ey =eg.
Hint: If B is the standard inner product Le; = €] .

Remark 1.7.4. One can make this standard cross-product look even
more_standard by using the calculus notation: e; = i, e3 = j and
€3 — k
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1.8 The pull-back operation on A*

Let V and W be vector spaces and let A be a linear map of V into
W. Given a k-tensor, T' € L¥(W), the pull-back, A*T, is the k-tensor

(1.8.1) A*T(vl,...,vk) :T(Avl,...,Avk)

in £¥(V). (See § 1.3, equation 1.3.12.) In this section we’ll show how
to define a similar pull-back operation on AF.

Lemma 1.8.1. If T € IF(W), then A*T € IF(V).

Proof. 1t suffices to verify this when 7' is a redundant k-tensor, i.e., a
tensor of the form

where ¢, € W* and ¢; = {; 41 for some index, i. But by (1.3.14)

AT =A"1® - A

and the tensor on the right is redundant since A*¢; = A*¢;14.
O

Now let w be an element of A¥(W*) and let w = 7(T) where T is
in £¥(W). We define

(1.8.2) A*w = 1(A*T).

Claim:
The left hand side of (1.8.2) is well-defined.

Proof. If w = 7(T) = 7(T"), then T = T’ + S for some S € ZF(W),
and A*T" = A*T + A*S. But A*S € T¢(V), so

7(A*T') = ©(A*T).
Proposition 1.8.2. The map
A* ARW*) = ARV,

mapping w to A*w is linear. Moreover,
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(i) Ifw; € AB(W),i=1,2, then

(1.8.3) A*(wl VAN WQ) = A%w; AN A*wo.

(i) IfU is a vector space and B : U — V a linear map, then
for w € AF(W™),

(1.8.4) B*A*w = (AB)*w.

We'll leave the proof of these three assertions as exercises. Hint:
They follow immediately from the analogous assertions for the pull-
back operation on tensors. (See (1.3.14) and (1.3.15).)

As an application of the pull-back operation we’ll show how to
use it to define the notion of determinant for a linear mapping. Let
V be a n-dimensional vector space. Then dim A™(V*) = () = 1;
i.e., A"(V*) is a one-dimensional vector space. Thus if A:V — V
is a linear mapping, the induced pull-back mapping;:

A AT(VE) — AV,

is just “multiplication by a constant”. We denote this constant by
det(A) and call it the determinant of A, Hence, by definition,

(1.8.5) A*w = det(A)w

for all win A™(V*). From (1.8.5) it’s easy to derive a number of basic
facts about determinants.

Proposition 1.8.3. If A and B are linear mappings of V into V,
then

(1.8.6) det(AB) = det(A) det(B).
Proof. By (1.8.4) and

(AB)*w = det(AB)w
= B*(A*w) =det(B)A*w
= det(B)det(4A)w,

s0, det(AB) = det(A) det(B).
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Proposition 1.8.4. If [ : V — V s the identity map, Iv = v for
allv eV, det(I) = 1.

We’ll leave the proof as an exercise. Hint: I* is the identity map
on A"(V*).

Proposition 1.8.5. If A:V — V is not onto, det(A) = 0.

Proof. Let W be the image of A. Then if A is not onto, the dimension
of W is less than n, so A"(W*) = {0}. Now let A = Iy B where Iy
is the inclusion map of W into V and B is the mapping, A, regarded
as a mapping from V' to W. Thus if w is in A™(V*), then by (1.8.4)

A*w = B*[jyw

and since Ijjw is in A™(W) it is zero.
O

O

We will derive by wedge product arguments the familiar “matrix
formula” for the determinant. Let V and W be n-dimensional vector
spaces and let ey, ..., e, be a basis for V and f,..., f, a basis for
W. From these bases we get dual bases, e],... ey, and f],..., f},
for V* and W*. Moreover, if A is a linear map of V into W and
la; j] the n x n matrix describing A in terms of these bases, then the
transpose map, A* : W* — V* is described in terms of these dual
bases by the n x n transpose matrix, i.e., if

Ae; = Zai,jfia
then
A*f; = Z aj,ie;-k .
(See § 2.) Consider now A*(f{ A--- A f). By (1.8.3)

A(fIN N ) = ATEA - NATS
= D (amei) A Alonk,e,)

the sum being over all ky,..., ky,, with 1 < k. < n. Thus,

A*(ff/\-“/\f;):Zaml...an,kn ep, N Nep,
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If the multi-index, k1, ..., ky, is repeating, then e A---Aey is zero,
and if it’s not repeating then we can write

ki:U(i) izl,...,n

for some permutation, o, and hence we can rewrite A*(fy A--- A fr)
as the sum over o € 5, of

Z A1,0(1) """ An,o(n) (GT AREERA e;)a .

But
(efAN---Ne ) =(=1)%] A+ Ne,

n

so we get finally the formula

(1.8.7) A (ff N N fr) = det[a; jle] A=+ Aep
where
(1.8.8) det[ai,j] = Z(_l)aal,a(l) cee a,w(n)

summed over o € S,,. The sum on the right is (as most of you know)
the determinant of [a; ;].

Notice that if V=W and e; = f;, 1 =1,...,n, thenw =ejA--- A
ey = fiA--- A fr hence by (1.8.5) and (1.8.7),

(1.8.9) det(A) = det[a; ;] .

Exercises.

1. Verify the three assertions of Proposition 1.8.2.

2. Deduce from Proposition 1.8.5 a well-known fact about deter-
minants of n X n matrices: If two columns are equal, the determinant
is zero.

3.  Deduce from Proposition 1.8.3 another well-known fact about
determinants of n x n matrices: If one interchanges two columns,
then one changes the sign of the determinant.

Hint: Let eq,...,e, be a basis of V and let B : V — V be the
linear mapping: Be; = ¢;, Be; = ¢; and Bey = eg, { # i,j. What is
B*(ef N---Nep)?
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4.  Deduce from Propositions 1.8.3 and 1.8.4 another well-known
fact about determinants of n x n matrix. If [b; ;] is the inverse of
la; j], its determinant is the inverse of the determinant of [a; ;].

5. Extract from (1.8.8) a well-known formula for determinants of
2 x 2 matrices:

a a
det 1 12 = a11a22 — 4120921 .
az1, a2

6.  Show that if A = [a;;] is an n x n matrix and A" = [a;;] is its
transpose det A = det A*. Hint: You are required to show that the
sums

Z(—l)”al’o(l) e an,o(n) o c Sn

and

Z(—l)aaa(l)ﬂ o lg(n)n oesS,
are the same. Show that the second sum is identical with
D (=D7aray - trmym
summed over T =o' € S,,.
7.  Let A be an n X n matrix of the form
=[5 ¢]

where B is a k X k matrix and C the ¢ x ¢ matrix and the bottom
¢ x k block is zero. Show that

det A =det Bdet C'.
Hint: Show that in (1.8.8) every non-zero term is of the form

(=1)77b1o1) « - - Dko (k) L7 (1) - - - Cor(0)

where o € S;, and 7 € ).

8. Let V and W be vector spaces and let A : V — W be a linear
map. Show that if Av = w then for w € AP(w*),

A (w)w = 1(v)A*w.

(Hint: By (1.7.10) and proposition 1.8.2 it suffices to prove this for
w € ALY(W*), ie., for w € W*))
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1.9 Orientations

We recall from freshman calculus that if £ C R2 is a line through the
origin, then /—{0} has two connected components and an orientation
of £ is a choice of one of these components (as in the figure below).

More generally, if L is a one-dimensional vector space then L — {0}
consists of two components: namely if v is an element of L — [0}, then
these two components are

L, = {)\’U )\>O}

and

Ly = {)\’U, )\<0}

An orientation of IL is a choice of one of these components. Usu-
ally the component chosen is denoted Ly, and called the positive
component of L — {0} and the other component, L._, the negative
component of L — {0}.

Definition 1.9.1. A vector, v € L, is positively oriented if v is in
L,.

More generally still let V' be an n-dimensional vector space. Then
L = A™(V*) is one-dimensional, and we define an orientation of V
to be an orientation of L. One important way of assigning an orien-
tation to V' is to choose a basis, e1,...,e, of V. Then, if e],... e} is
the dual basis, we can orient A™(V*) by requiring that ej A---Aej; be
in the positive component of A”(V*). If V has already been assigned
an orientation we will say that the basis, e1,...,e,, is positively ori-
ented if the orientation we just described coincides with the given
orientation.

Suppose that eq,...,e, and f1,..., f, are bases of V' and that

(1.9.1) ej = aijfi.
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Then by (1.7.7)

Fi N A fy =detla; jle] A+ Ney,

n
so we conclude:

Proposition 1.9.2. Ifeq,..., e, is positively oriented, then f1,..., fn
is positively oriented if and only if deta; ;] is positive.

Corollary 1.9.3. Ifeq,...,e, is a positively oriented basis of V', the
basis: e1,...,€i—1,—€i,€it1,-..,€n 1S negatively oriented.

Now let V' be a vector space of dimension n > 1 and W a sub-
space of dimension k < n. We will use the result above to prove the
following important theorem.

Theorem 1.9.4. Given orientations on'V and V/W, one gets from
these orientations a natural orientation on W.

Remark What we mean by “natural’ will be explained in the course
of the proof.

Proof. Let r = n — k and let 7 be the projection of V onto V/W
. By exercises 1 and 2 of §2 we can choose a basis eq,...,e, of V
such that e,11,...,e, is a basis of W and w(ey),...,m(e,) a basis
of V/W. Moreover, replacing e; by —e; if necessary we can assume
by Corollary 1.9.3 that 7(ey),...,n(e,) is a positively oriented basis
of V/W and replacing e,, by —e,, if necessary we can assume that
e1,...,€en is a positively oriented basis of V. Now assign to W the
orientation associated with the basis e, 1,..., €.

Let’s show that this assignment is “natural” (i.e., doesn’t depend
on our choice of eq,...,e,). To see this let fi,..., f, be another
basis of V' with the properties above and let A = [a; ;] be the matrix
(1.9.1) expressing the vectors ey, ..., e, as linear combinations of the
vectors fi,... f,. This matrix has to have the form

(1.9.2) A= [ ]g g }

where B is the rxr matrix expressing the basis vectors 7(e1), ..., m(e,)
of V/W as linear combinations of 7(f1),...,n(f;) and D the k x k
matrix expressing the basis vectors e,41,..., e, of W as linear com-
binations of f,11,..., fn. Thus

det(A) = det(B) det(D).
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However, by Proposition 1.9.2, det A and det B are positive, so det D
is positive, and hence if e,11,..., e, is a positively oriented basis of
W sois frats---s fn-

O

As a special case of this theorem suppose dimW = n — 1. Then
the choice of a vector v € V — W gives one a basis vector, m(v),
for the one-dimensional space V/W and hence if V is oriented, the
choice of v gives one a natural orientation on W.

Next let V;, ¢ = 1,2 be oriented n-dimensional vector spaces and
A : Vi — V5 a bijective linear map. A is orientation-preserving if,
for w € A"(V5)4, A*w is in A™(V})4. For example if Vi = V5, then
A*w = det(A)w so A is orientation preserving if and only if det(A) >
0. The following proposition we’ll leave as an exercise.

Proposition 1.9.5. Let V;, i = 1,2,3 be oriented n-dimensional
vector spaces and A; @ Vi — Viy1, © = 1,2 bijective linear maps.
Then if A1 and As are orientation preserving, so is As o Aj.

Exercises.

1. Prove Corollary 1.9.3.

2. Show that the argument in the proof of Theorem 1.9.4 can be
modified to prove that if V and W are oriented then these orienta-
tions induce a natural orientation on V/W.

3. Similarly show that if W and V/W are oriented these orienta-
tions induce a natural orientation on V.

4. Let V be an n-dimensional vector space and W C V a k-
dimensional subspace. Let U = V/W and let « : W — V and
7w :V — U be the inclusion and projection maps. Suppose V and U
are oriented. Let y be in A" %(U*), and let w be in A"(V*),.. Show
that there exists a v in AF(V*) such that 7*u A v = w. Moreover
show that (*v is intrinsically defined (i.e., doesn’t depend on how
we choose v) and sits in the positive part, A¥(W*), of AF(W).

5. Letey,...,e, bethe standard basis vectors of R™. The standard
orientation of R™ is, by definition, the orientation associated with
this basis. Show that if W is the subspace of R™ defined by the
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equation, x1 = 0, and v = e; € W then the natural orientation of W
associated with v and the standard orientation of R™ coincide with
the orientation given by the basis vectors, es, ..., e, of W.

6. Let V be an oriented n-dimensional vector space and W an
n — 1-dimensional subspace. Show that if v and v’ are in V' — W then
v = A+ w, where w is in W and A € R — {0}. Show that v and v’
give rise to the same orientation of W if and only if A is positive.

7.  Prove Proposition 1.9.5.

8. A key step in the proof of Theorem 1.9.4 was the assertion that
the matrix A expressing the vectors, e;, as linear combinations of the
vectors, f;, had to have the form (1.9.2). Why is this the case?

9. (a) Let V be a vector space, W a subspace of V and A : V —
V' a bijective linear map which maps W onto W. Show that one gets
from A a bijective linear map

B:V/W — V/W

with property
TA = B,

7 being the projection of V onto V/W.

(b) Assume that V, W and V/W are compatibly oriented. Show
that if A is orientation-preserving and its restriction to W is orien-
tation preserving then B is orientation preserving.

10. Let V be a oriented n-dimensional vector space, W an (n — 1)-
dimensional subspace of V and ¢ : W — V the inclusion map. Given
w € A(V), and v € V — W show that for the orientation of W
described in exercise 5, i* (t,w) € A" LW,

11. Let V be an n-dimensional vector space, B : V x V — R an
inner product and eq, ..., e, a basis of V which is positively oriented
and orthonormal. Show that the “volume element”

vol =ejA---Ney, € A"(V™)

is intrinsically defined, independent of the choice of this basis. Hint:
(1.2.13) and (1.8.7).
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12. (a) Let V be an oriented n-dimensional vector space and B an
inner product on V. Fix an oriented orthonormal basis, eq,...,e,,
of V.and let A:V — V be a linear map. Show that if

Aei =V; = E ajﬂ-ej

and b; ; = B(v;,V;), the matrices A = [a; ;] and B = [b; ;] are related
by: B= AT A.

(b) Show that if v is the volume form, e A--- A€}, and A is orien-
tation preserving

A*v = (det B)%V.
(¢) By Theorem 1.5.6 one has a bijective map
A" (V) = A™(V).

Show that the element, €2, of A™(V) corresponding to the form, v,
has the property

|Q(V1, PN ,Vn)|2 = det([bi,j])

where vi,...,v, are any n-tuple of vectors in V and b; j = B(v;,v;).



CHAPTER 2

DIFFERENTIAL FORMS

2.1 Vector fields and one-forms

The goal of this chapter is to generalize to n dimensions the basic
operations of three dimensional vector calculus: div, curl and grad.
The “div”, and “grad” operations have fairly straight forward gener-
alizations, but the “curl” operation is more subtle. For vector fields
it doesn’t have any obvious generalization, however, if one replaces
vector fields by a closely related class of objects, differential forms,
then not only does it have a natural generalization but it turns out
that div, curl and grad are all special cases of a general operation on
differential forms called exterior differentiation.

In this section we will review some basic facts about vector fields
in n variables and introduce their dual objects: one-forms. We will
then take up in §2.2 the theory of k-forms for k greater than one.
We begin by fixing some notation.

Given p € R™ we define the tangent space to R™ at p to be the set
of pairs

(2.1.1) T,R" = {(p,v)}; veR".
The identification
(2.1.2) T,R" —R", (p,v) —v

makes T, R™ into a vector space. More explicitly, for v, v and vo € R"
and A € R we define the addition and scalar multiplication operations
on T,R™ by the recipes

(p,v1) +(p,v2) = (p,v1+va)
and
Ap,v) = (p,Av).

Let U be an open subset of R” and f : U — R™ a C' map. We
recall that the derivative

Df(p) : R" - R™

This is page 49
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of f at p is the linear map associated with the m x n matrix
ofi

)

It will be useful to have a “base-pointed” version of this definition
as well. Namely, if ¢ = f(p) we will define

dfp : T,R" — T,R™
to be the map

(2.1.3) dfp(p,v) = (¢, Df(p)V).

It’s clear from the way we’ve defined vector space structures on 7T, R™
and T;R™ that this map is linear.

Suppose that the image of f is contained in an open set, V', and
suppose g : V — R¥ is a C! map. Then the “base-pointed”” version
of the chain rule asserts that

(2.1.4) dgq o dfy = d(f o g)p -

(This is just an alternative way of writing Dg(q)Df(p) = D(g o

F)(p).)

In 3-dimensional vector calculus a wvector field is a function which
attaches to each point, p, of R? a base-pointed arrow, (p,¥). The
n-dimensional version of this definition is essentially the same.

Definition 2.1.1. Let U be an open subset of R™. A wvector field on
U is a function, v, which assigns to each point, p, of U a vector v(p)
in T,R™.

Thus a vector field is a vector-valued function, but its value at p
is an element of a vector space, T,R" that itself depends on p.
Some examples.

1.  Given a fixed vector, v € R", the function
(2.1.5) pER" = (p,v)
is a vector field. Vector fields of this type are constant vector fields.

2.  In particular let e;,7 = 1,...,n, be the standard basis vectors
of R™. If v = ¢; we will denote the vector field (2.1.5) by 9/dz;. (The
reason for this “derivation notation” will be explained below.)
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3. Given a vector field on U and a function, f : U — R we’ll
denote by fv the vector field

peU— f(p)u(p).

4.  Given vector fields v; and vy on U, we’ll denote by vy + v the
vector field

p €U — vi(p) + v2(p) -

5. The vectors, (p,e;), i@ = 1,...,n, are a basis of T,R", so if
v is a vector field on U, v(p) can be written uniquely as a linear
combination of these vectors with real numbers, g;(p), i = 1,...,n,

as coeflicients. In other words, using the notation in example 2 above,
v can be written uniquely as a sum

- 0
2.1.6 =S g
( ) v po g ox;
where g; : U — R is the function, p — g;(p).

We'll say that v is a C* vector field if the g;’s are in C*(U).
A basic vector field operation is Lie differentiation. If f € C*(U)
we define L, f to be the function on U whose value at p is given by

(2.1.7) Df(p)v = Luf(p)

where v(p) = (p,v). If v is the vector field (2.1.6) then

)
(2.1.8) Luf=Y gi5-f

(motivating our “derivation notation” for v).

Exercise.
Check that if f; € CY(U), i = 1,2, then
(219) Lv(flfQ) = flva2+f1va2'

13

Next we’ll generalize to n-variables the calculus notion of an “in-
tegral curve” of a vector field.
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Definition 2.1.2. A C' curve v : (a,b) — U is an integral curve of
v if for alla <t <b and p=~(t)

(5 ®) =t

i.e., if v is the vector field (2.1.6) and g : U — R"™ is the function
(g1,---,9n) the condition for v(t) to be an integral curve of v is that
it satisfy the system of differential equations

(2.1.10) D 1) = gr(1)).

We will quote without proof a number of basic facts about systems
of ordinary differential equations of the type (2.1.10). (A source for
these results that we highly recommend is Birkhoff-Rota, Ordinary
Differential Equations, Chapter 6.)

Theorem 2.1.3 (Existence). Given a point pg € U and a € R, there
exists an interval I = (a —T,a+T), a neighborhood, Uy, of pg in U
and for every p € Uy an integral curve, vy, : I — U with vp(a) = p.

Theorem 2.1.4 (Uniqueness). Let v; : I; — U, i = 1,2, be integral
curves. If a € Iy N Iy and v1(a) = v2(a) then y1 =2 on I1 N Iy and
the curve v : Iy U Iy — U defined by

. ’yl(t), tEIl
7<t>_{w(t>, tel,

s an integral curve.

Theorem 2.1.5 (Smooth dependence on initial data). Let v be a
C°-vector field, on an open subset, V', of U, I C R an open interval,
a € I a point on this interval and h : V x I — U a mapping with the
properties:

(i) h(p,a) = p.
(ii) For all p € V the curve
il —=U Yp(t) = h(p,t)

s an integral curve of v.

Then the mapping, h, is C*°.
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One important feature of the system (2.1.11) is that it is an au-
tonomous system of differential equations: the function, g(z), is a
function of = alone, it doesn’t depend on ¢. One consequence of this
is the following:

Theorem 2.1.6. Let I = (a,b) and force R let I. = (a —¢,b—c).
Then if v : I — U 1is an integral curve, the reparametrized curve

(2.1.11) Yeide = U, 7e(t) =7(t+c)

is an integral curve.

We recall that a C'-function ¢ : U — R is an integral of the system
(2.1.11) if for every integral curve (), the function t — @(y(t)) is
constant. This is true if and only if for all ¢t and p = (¢)

0= %w(v(t)) = (D) (Z—Z) = (Dg)p(v)

where (p,v) = v(p). But by (2.1.6) the term on the right is L,¢(p).
Hence we conclude

Theorem 2.1.7. ¢ € CY(U) is an integral of the system (2.1.11) if
and only if L,p = 0.

We’ll now discuss a class of objects which are in some sense “dual
objects” to vector fields. For each p € R" let (T,,R)* be the dual vec-
tor space to T,R", i.e., the space of all linear mappings, ¢ : T,R" —
R.

Definition 2.1.8. Let U be an open subset of R". A one-form on U
is a function, w, which assigns to each point, p, of U a vector, wp,
in (T,R™)*.

Some examples:

1. Let f: U — R be a C! function. Then for p € U and
¢ = f(p) one has a linear map

(2.1.12) df, : T,R" — T.R
and by making the identification,

T,R = {c,R} =R
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df,, can be regarded as a linear map from 7T, R" to R, i.e., as an
element of (T,R™)*. Hence the assignment

(2.1.13) p e U —dfy, € (T,R")"
defines a one-form on U which we’ll denote by df.

2. Given a one-form w and a function, ¢ : U — R the product
of ¢ with w is the one-form, p € U — ¢(p)wp.

3. Given two one-forms wi and ws their sum, wy + wy is the
one-form, p € U — w1 (p) + wa(p).

4. The one-forms dx1,...,dx, play a particularly important
role. By (2.1.12)

(2.1.14) (da;) (%)p = 0ij

i.e.,isequal to 1ifi = j and zeroif i # j. Thus (dz1)p, ..., (dzy)p
are the basis of (T;R")* dual to the basis (0/0x;),. Therefore,
if w is any one-form on U, w,, can be written uniquely as a sum

wp=Y_ filp)(dzs)p, filp) €R
and w can be written uniquely as a sum
(2.1.15) w=Y_ fidz;

where f; : U — R is the function, p — f;(p). We'll say that w
is a C* one-form if the f;’s are C*°.

Exercise.

Check that if f: U — R is a C* function

(2.1.16) df = Z%dm.

Suppose now that v is a vector field and w a one-form on U. Then

for every p € U the vectors, v, € T,R" and w, € (T,R")* can be
paired to give a number, ¢(vp)w, € R, and hence, as p varies, an
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R-valued function, ¢(v)w, which we will call the interior product of v
with w. For instance if v is the vector field (2.1.6) and w the one-form
(2.1.15) then

(2.1.17) L(v)w = Zfigi .

Thus if v and w are C* so is the function ¢(v)w. Also notice that if
p € C®(U), then as we observed above

B dp 0O
d(p N Z 81‘2 81‘2

so if v is the vector field (2.1.6)

_N 02
(2.1.18) L(v)dp = Zg, oz, Lyp.

Coming back to the theory of integral curves, let U be an open
subset of R™ and v a vector field on U. We'll say that v is complete
if, for every p € U, there exists an integral curve, v : R — U with
~v(0) = p, i.e., for every p there exists an integral curve that starts
at p and exists for all time. To see what “completeness” involves, we
recall that an integral curve

~v:10,b) = U,

with v(0) = p, is called mazimal if it can’t be extended to an interval
[0,0'), b/ > b. (See for instance Birkhoff-Rota, §6.11.) For such curves
it’s known that either

i.b=+o00
or

ii. |y(t)] = +ocast —b
or

iii. the limit set of
{r®), 0<tb}
contains points on the boundary of U.

Hence if we can exclude ii. and iii. we’ll have shown that an integral
curve with v(0) = p exists for all positive time. A simple criterion
for excluding ii. and iii. is the following.
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Lemma 2.1.9. The scenarios . and iii. can’t happen if there exists
a proper C'-function, ¢ : U — R with Lyp = 0.

Proof. L, = 0 implies that ¢ is constant on «(t), but if p(p) = ¢
this implies that the curve, v(t), lies on the compact subset, o1 (c),
of U; hence it can’t “run off to infinity” as in scenario ii. or “run off
the boundary” as in scenario iii.

]

Applying a similar argument to the interval (—b, 0] we conclude:

Theorem 2.1.10. Suppose there exists a proper C'-function, ¢ :
U — R with the property L, = 0. Then v is complete.

Example.

Let U = R? and let v be the vector field
30 0

v=1"— —y—.
oy oz

Then ¢(x,y) = 2y%+x* is a proper function with the property above.

Another hypothesis on v which excludes ii. and iii. is the following.

We’'ll define the support of v to be the set

suppv =q € U, w(q) # 0},

and will say that v is compactly supported if this set is compact. We
will prove

Theorem 2.1.11. If v is compactly supported it is complete.

Proof. Notice first that if v(p) = 0, the constant curve, vo(t) = p,
—00 < t < 00, satisfies the equation

0(t) =0 =u(p).

so it is an integral curve of v. Hence if y(t), —a < t < b, is any
integral curve of v with the property, v(t9) = p, for some ¢y, it has
to coincide with «g on the interval, —a < t < a, and hence has to be
the constant curve, y(t) = p, on this interval.

Now suppose the support, A, of v is compact. Then either ~(t) is
in A for all t or is in U — A for some ty. But if this happens, and
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p = (to) then v(p) = 0, so y(t) has to coincide with the constant
curve, Yo(t) = p, for all ¢t. In neither case can it go off to oo or off to
the boundary of U as t — b.

O

One useful application of this result is the following. Suppose v is
a vector field on U, and one wants to see what its integral curves
look like on some compact set, A C U. Let p € C5°(U) be a bump
function which is equal to one on a neighborhood of A. Then the
vector field, w = pwv, is compactly supported and hence complete,
but it is identical with v on A, so its integral curves on A coincide
with the integral curves of v.

If v is complete then for every p, one has an integral curve, v, :
R — U with v,(0) = p, so one can define a map

f:U—U

by setting fi(p) = 7p(t). If v is C*°, this mapping is C* by the
smooth dependence on initial data theorem, and by definition fq is
the identity map, i.e., fo(p) = 7p(0) = p. We claim that the f;’s also
have the property

(2-1-19) ftofa= ftra-

Indeed if fq(p) = g, then by the reparametrization theorem, v, (t)
and v, (t + a) are both integral curves of v, and since ¢ = v4(0) =
vp(a) = fa(p), they have the same initial point, so

Y(t) = filg) = (fio fa)(p)
Yp(t + a) = frya(p)

for all t. Since fj is the identity it follows from (2.1.19) that f;o f_;
is the identity, i.e.,
f—t - ft_l )

so f; is a C*° diffeomorphism. Hence if v is complete it generates a
“one-parameter group”, f;, —oo < t < 0o, of C*°-diffeomorphisms.
For v not complete there is an analogous result, but it’s trickier to
formulate precisely. Roughly speaking v generates a one-parameter
group of diffeomorphisms, f;, but these diffeomorphisms are not de-
fined on all of U nor for all values of ¢. Moreover, the identity (2.1.19)
only holds on the open subset of U where both sides are well-defined.
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We’ll devote the remainder of this section to discussing some “func-
torial” properties of vector fields and one-forms. Let U and W be
open subsets of R™ and R"™, respectively, and let f : U — W be a
C map. If v is a C*®-vector field on U and w a C*>°-vector field on
W we will say that v and w are “f-related” if, for all p € U and

q=f(p)
(2.1.20) dfp(vy) = wy.

Writing
n

_ 9 k
vo= ;:1 vz&ni , v € C¥(U)
and

m

0

j=1

this equation reduces, in coordinates, to the equation

(2.1.21) wilg) =) gwf] (p)v;(p)-

In particular, if m = n and f is a C* diffeomorphism, the formula
(3.2) defines a C*-vector field on W, i.e.,

(2.1.22) wi= Y (%v]) o f1.
J

Hence we’ve proved

Theorem 2.1.12. If f : U — W is a C* diffeomorphism and v a
C®-vector field on U, there exists a unique C* vector field, w, on W
having the property that v and w are f-related.

We’ll denote this vector field by fiv and call it the push-forward
of v by f.

I’ll leave the following assertions as easy exercises.
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Theorem 2.1.13. Let U;, i = 1,2, be open subsets of R™, v; a
vector field on U; and f : Uy — Uy a C®-map. If v1 and vy are
f-related, every integral curve

v:1I—U;

of v1 gets mapped by f onto an integral curve, fo~y: I — Us, of vs.

Corollary 2.1.14. Suppose v1 and ve are complete. Let (f;)¢ : Uy —
U;, —0o < t < oo, be the one-parameter group of diffeomorphisms

generated by v;. Then fo (f1)r = (f2)ro f.
Hints:

1. Theorem 4 follows from the chain rule: If p = v(¢) and ¢ = f(p)
d d
i, (570)) = FI60).

2. To deduce Corollary 5 from Theorem 4 note that for p € U,
(f1)¢(p) is just the integral curve, v,(t) of v1 with initial point 7,(0) =
.

The notion of f-relatedness can be very succinctly expressed in
terms of the Lie differentiation operation. For ¢ € C*(Us) let f*¢
be the composition, ¢ o f, viewed as a C* function on Uy, i.e., for

p € Urlet f*o(p) = ¢(f(p)). Then
(2.1.23) [ Ly, o = Ly, fr .
(To see this note that if f(p) = ¢ then at the point p the right hand
side is
(dp)g o dfp(v1(p))
by the chain rule and by definition the left hand side is

dipg(v2(q)) -

Moreover, by definition

v2(q) = dfp(v1(p))

so the two sides are the same.)

Another easy consequence of the chain rule is:
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Theorem 2.1.15. Let U;, ¢ = 1,2,3, be open subsets of R™, v; a
vector field on U; and f; : Uy — Ujr1, i = 1,2 a C*®-map. Suppose
that, for i = 1,2, v; and v;y1 are fi-related. Then vy and vs are
fa o fi-related.

In particular, if fi; and fo are diffeomorphisms and v = vy

(f2)«(f1)sv = (fa o f1)sv.

The results we described above have “dual” analogues for one-
forms. Namely, let U and V be open subsets of R"™ and R™, respec-
tively, and let f : U — V be a C*°-map. Given a one-form, u, on V
one can define a “pull-back” one-form, f*u, on U by the following
method. For p € U let ¢ = f(p). By definition u(q) is a linear map

(2.1.24) p(q) : T;R™ - R
and by composing this map with the linear map
dfp : T,R" — T,R"
we get a linear map
fg o dfy : T,R" — R,
i.e., an element pi, o dfy, of TyR™.

Definition 2.1.16. The one-form f*u is the one-form defined by
the map
peU— (uyo df,) € /R

where g = f(p).
Note that if ¢ : V' — R is a C*-function and p = dp then
fig © dfp = dipg o dfy = d(po [y

ie.,

(2.1.25) Ffru=dpof.

In particular if p is a one-form of the form, u = dy, with ¢ €
C>®(V), f*p is C*°. From this it is easy to deduce

Theorem 2.1.17. If p is any C* one-form on V, its pull-back, f*w,
is C*. (See exercise 1.)
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Notice also that the pull-back operation on one-forms and the
push-forward operation on vector fields are somewhat different in
character. The former is defined for all C°° maps, but the latter is
only defined for diffeomorphisms.

Exercises.

1. Let U be an open subset of R”, V' an open subset of R™ and
f:U —V aCFmap.

(a) Show that for ¢ € C*(V) (2.1.25) can be rewritten

(2.1.25") ffde=df*p.
(b) Let u be the one-form
Y= f: pidr; @ € C(V)
i=1
on V. Show that if f = (f1,..., fm) then
frw= if*sﬁidfi-
i=1
(¢c) Show that if p is C*° and f is C*°, f*u is C*°.

2. Let v be a complete vector field on U and f;: U — U, the one
parameter group of diffeomorphisms generated by v. Show that if

p e CY(U)
d .
Lv‘p - (%ft (’D>t:0 .

3. (a) Let U = R? and let v be the vector field, 710/0xy —
x90/0x1. Show that the curve

teR — (rcos(t+6), rsin(t +0))

is the unique integral curve of v passing through the point, (r cos @, r sin 6),
at t =0.
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(b) Let U =R" and let v be the constant vector field: > ¢;0/0z;.
Show that the curve

teR —a+t(cr,...,cn)

is the unique integral curve of v passing through a € R™ at ¢t = 0.

(¢) Let U =R" and let v be the vector field, > z;0/0x;. Show that
the curve

teR —el(ay,...,an)

is the unique integral curve of v passing through a at t = 0.

4. Show that the following are one-parameter groups of diffeomor-
phisms:

(@) fi:R—=R, fi(z)=z+t
(b) fi:R—=R, fi(z)=cz
() fi:R2—=R2%2  fi(x,y) = (costx —sinty, sintz + costy)

5. Let A:R"™ — R" be a linear mapping. Show that the series

12 t3
exptA:I+tA+§A2+§A3+-~

converges and defines a one-parameter group of diffeomorphisms of
R™.

6. (a) What are the infinitesimal generators of the one-parameter
groups in exercise 137

(b) Show that the infinitesimal generator of the one-parameter group
in exercise 14 is the vector field

0
Z g g

where [a; ;] is the defining matrix of A.

7. Let v be the vector field on R, x2% Show that the curve
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is an integral curve of v with initial point 2(0) = a. Conclude that
for a > 0 the curve

x(t)

is a maximal integral curve. (In particular, conclude that v isn’t
complete.)

1
=—, 0<t< =
1—at a

8.  Let U be an open subset of R™ and v; and v vector fields on U.
Show that there is a unique vector field, w, on U with the property

Ly = Ly, (Loyp) — Loy (Lo, )
for all ¢ € C>*(U).

9. The vector field w in exercise 8 is called the Lie bracket of
the vector fields v; and vy and is denoted [vq,vs]. Verify that “Lie
bracket” satisfies the identities

[v1,v2] = —[v2, 1]

and
[v1[v2, v3]] + [v2, [V3, v1]] + [vs, [v1,v2]] = 0.

Hint: Prove analogous identities for L,,, Ly, and L,,.

10. Let vy = 9/0x; and vg = ) g;0/0x;. Show that
0 0
[v1, 0] = Z 3—&928—55] .
11. Let v1 and vy be vector fields and f a C* function. Show that

[’Ul, fvg] = Lv1 f’Ug + f[’l)l, 7)2] .

12. Let U and V be open subsets of R™ and f : U — V a diffeo-
morphism. If w is a vector field on V, define the pull-back, f*w of
w to U to be the vector field

Frw=(f7w).
Show that if ¢ is a C*° function on V
f*LwQD = Lf*wf*(up-
Hint: (2.1.26).
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13. Let U be an open subset of R" and v and w vector fields on U.
Suppose v is the infinitesimal generator of a one-parameter group of
diffeomorphisms

fi: U—=-U, —-xo<t<o.
Let wy = f;fw. Show that for ¢ € C>°(U)

L[v,w] Y = Lw(p
where

. d .
wo = %ftw\tzo.

Hint: Differentiate the identity

ft*Lw‘p = Lwtft*('lp

with respect to ¢ and show that at ¢ = 0 the derivative of the left
hand side is
LyLyp

by exercise 2 and the derivative of the right hand side is
L.+ Ly(Lyp) -
14. Conclude from exercise 13 that
d .
(2.1.26) [v,w] = Eft W |¢=0 -
15. Let U be an open subset of R™ and let v : [a,b] — U, t —

(71(t), ..., ¥n(t)) be a Ct curve. Given w = 3 f; dz; € QY(U), define
the line integral of w over v to be the integral

n b d :
[e=3 [ soe) % ar.
v =17
Show that if w = df for some f € C*°(U)

/wszw»—ﬂww»
Y

In particular conclude that if 7 is a closed curve, i.e., y(a) = 7(b),
this integral is zero.
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16. Let
- I dl‘Q — T2 dl‘l

e QYR - {0
2T a2 ( {0}),

and let 7 : [0,27] — R? — {0} be the closed curve, t — (cost,sint).
Compute the line integral, fy w, and show that it’s not zero. Conclude

that w can’t be “d” of a function, f € C*(R? — {0}).

17. Let f be the function

arctan i—f ,x1 >0
f(wl,xg): %,1‘1:0,$2>0
arctanz—f +7m, 21 <0
where, we recall: —5 < arctant < §. Show that this function is C*

and that df is the 1-form, w, in the previous exercise. Why doesn’t
this contradict what you proved in exercise 167

2.2 k-forms

One-forms are the bottom tier in a pyramid of objects whose k'™ tier
is the space of k-forms. More explicitly, given p € R™ we can, as in
§1.5, form the k' exterior powers

(2.2.1) ANTIR™), k=1,2,3,...,n
of the vector space, T,;R", and since

1k _
(2.2.2) A(T,;R™) = T)R"

one can think of a one-form as a function which takes its value at p
in the space (2.2.2). This leads to an obvious generalization.

Definition 2.2.1. Let U be an open subset of R™. A k-form, w, on
U is a function which assigns to each point, p, in U an element w(p)
of the space (2.2.1) .

The wedge product operation gives us a way to construct lots of
examples of such objects.

Example 1.
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Let w;, 2 =1,...,k be one-forms. Then wy A --- Awy, is the k-form
whose value at p is the wedge product
(2.2.3) wi(P) A Awi(p) .

Notice that since w;(p) is in A'(TFR™) the wedge product (2.2.3)
makes sense and is an element of A* (T;R™).

Example 2.

Let f;, ¢ = 1,...,k be a real-valued C* function on U. Letting
w; = df; we get from (2.2.3) a k-form

(2.2.4) dfy A+ A dfi
whose value at p is the wedge product
(2.25) (@f)p A A (dfi)p
Since (dx1)p, . .., (dz,), are a basis of T)R", the wedge products
(2.2.6) (dxi)p N---N(dz1)p, 1<i1<---<ix<n

are a basis of A* (T). To keep our multi-index notation from getting
out of hand, we’ll denote these basis vectors by (dxr),, where I =
(i1,...,7x) and the I's range over multi-indices of length &k which
are strictly increasing. Since these wedge products are a basis of
AF (T;R") every element of Ak(TI’f]R”) can be written uniquely as a
sum

ZCI(de)p, Cr eR

and every k-form, w, on U can be written uniquely as a sum

(2.2.7) w= Zf[ dry

where dz; is the k-form, dx;; A --- Adwx;,, and fr is a real-valued
function,

f]:U—>R.

Definition 2.2.2. The k-form (2.2.7) is of class C" if each of the
frisis in C"(U).

Henceforth we’ll assume, unless otherwise stated, that all the k-
forms we consider are of class C*°, and we’ll denote the space of
these k-forms by QF(U).

We will conclude this section by discussing a few simple operations
on k-forms.
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1.  Given a function, f € C>(U) and a k-form w € Q¥(U) we define
fw € QF(U) to be the k-form
peU — flpw, € AF(T;R™).
2. Given w; € Q¥(U), i = 1,2 we define wy + ws € QF(U) to be

the k-form
peU — (w1)p+ (wa), € AF(TIR™).

(Notice that this sum makes sense since each summand is in A* (T,R™).)

3. Given w; € QF(U) and wy € QF2(U) we define their wedge
product, w1 A wp € QF1HE2(y) to be the (k1 + kg)-form

pEU — (wi)p A (w2)p € AMFTFR(TFR™) .

We recall that A°(T*R™) = R, so a zero-form is an R-valued function
and a zero form of class C* is a C*° function, i.e.,

QUU) =C>(U).
A fundamental operation on forms is the “d-operation” which as-
sociates to a function f € C*°(U) the 1-form df. It’s clear from the

identity (2.1.10) that df is a 1-form of class C*°, so the d-operation
can be viewed as a map

(2.2.8) d:Q%U) — QYU).

We will show in the next section that an analogue of this map exists
for every QF(U).

Exercises.

1. Let w € Q%(R*) be the 2-form, dz1 A dxs + dxs A dry. Compute
w A\ w.

2. Let w; € QY(R?), i = 1,2,3 be the 1-forms

w1 = X9 dl‘3 — X3 dl‘Q

Wy = I3 dl‘l — T dl‘3
and

w3 = I dl‘Q — T2 dl‘l .

Compute
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a) w1 Aws.

b) wo Aws.

c) w3Awi.

d) w; Awy Aws.

3. Let U be an open subset of R" and f; € C*°(U), i =1,...,n.
Show that

Ofi
81’ 5

dfl/\-~~/\dfn:det[ :|dl‘1/\"'/\dl'n.

4. Let U be an open subset of R™. Show that every (n — 1)-form,
w € Q" 1(U), can be written uniquely as a sum

n
S fidry Ao Admp A Aday,
i=1

where f; € C*°(U) and the “cap” over dz; means that dx; is to be
deleted from the product, dzq A - A dxy,.

n
5. Letpu= Z x;dx;. Show that there exists an (n — 1)-form, w €
i=1

Q"~1(R™ — {0}) with the property

pAw=dry A Ndxy,.

6. Let J be the multi-index (j1,..., /) and let dzj = dxj, A--- A
dxj,. Show that dx; = 0 if j, = j, for some r # s and show that if
the j,’s are all distinct

dey = (—1)7 dxg

where I = (i1,...,1x) is the strictly increasing rearrangement of
(j1,---,Jk) and o is the permutation
U=, e =

7. Let I be a strictly increasing multi-index of length k and J a
strictly increasing multi-index of length ¢. What can one say about
the wedge product dxy A dx5?



2.3 Exterior differentiation 69

2.3 Exterior differentiation

Let U be an open subset of R”. In this section we are going to define
an operation

(2.3.1) d: QFU) = (D).

This operation is called exterior differentiation and is the fundamen-
tal operation in n-dimensional vector calculus.

For k = 0 we already defined the operation (2.3.1) in §2.1. Before
defining it for the higher k’s we list some properties that we will
require to this operation to satisfy.

Property 1. For wy and wy in QF(U), d(w; + we) = dwy + dws.

Property II. For w; € QF(U) and wy € QY(U)

(2.3.2) d(w1 VAN wg) = dwy N wg + (—1)’%1 A dws .

Property III. For w € QK(U)
(2.3.3) d(dw) = 0.

Let’s point out a few consequences of these properties. First note
that by Property III
(2.3.4) d(df) =0
for every function, f € C*°(U). More generally, given k functions,
fieC®U),i=1,...,k, then by combining (2.3.4) with (2.3.2) we
get by induction on k:

(2.3.5) d(dfy A+ Adfy) =0.

Proof. Let u=dfs A--- Adfy. Then by induction on k, du = 0; and
hence by (2.3.2) and (2.3.4)

d(dfy A p) = d(dif) A+ (<L) dfy A du =0,

as claimed.)
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In particular, given a multi-index, I = (i1,... i) with 1 <4, <n
(2.3.6) d(dzr) = d(dxi, N--- Ndz;, ) =0.

Recall now that every k-form, w € QF(U), can be written uniquely
as a sum

w=> frdrr, frec>U)

where the multi-indices, I, are strictly increasing. Thus by (2.3.2)
and (2.3.6)

(2.3.7) dw =Y dfi A day.

This shows that if there exists a “d” with properties I-—III, it has to
be given by the formula (2.3.7). Hence all we have to show is that
the operator defined by this formula has these properties. Property 1
is obvious. To verify Property II we first note that for I strictly
increasing (2.3.6) is a special case of (2.3.7). (Take fr =1 and f; =
0 for J # I.) Moreover, if I is not strictly increasing it is either
repeating, in which case dr; = 0, or non-repeating in which case I?
is strictly increasing for some permutation, o € Si, and

(2.3.8) da;; = (—1)0 da;jo .

Hence (2.3.7) implies (2.3.6) for all multi-indices I. The same argu-
ment shows that for any sum over indices, I, for length &

> frdar

one has the identity:

(2.3.9) A3 frder) =) dfi A day .

(As above we can ignore the repeating I’s, since for these I's, dx; =
0, and by (2.3.8) we can make the non-repeating I’s strictly increas-

ing.)
Suppose now that wy € QF(U) and wy € QY(U). Writing

wp = Zfldfﬂl

and

wy = ZQJ dr g
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with f; and gy in C*°(U) we get for the wedge product

(2.3.10) w1 Awy = ijgJ dry N\ dxy
and by (2.3.9)

(2.3.11) dwi ANwy) = Zd(fng) A dxp Ndxy.

(Notice that if I = (i1, -+ ,ix) and J = (J;,...,4¢), dey Adzy =
drg, K being the multi-index, (i1,...,%%,j1,...,J¢). Even if I and
J are strictly increasing, K won’t necessarily be strictly increasing.
However in deducing (2.3.11) from (2.3.10) we’ve observed that this
doesn’t matter .) Now note that by (2.1.11)

d(f19s) = g5 dfr + frdgy,
and by the wedge product identities of §(1.6),

dg; Ndxr = dgj ANdxi, N--- ANdxg,
(—1)kdw1/\ng,

so the sum (2.3.11) can be rewritten:
> dfr Adar Agydey + (=0 frdag A dgy A day,
or

(D= dii ndar) A (3 gsdas) + (=08 (3 dgs Aday)

or finally:
dwi A\ wy + (—1)kw1 A dws .

Thus the “d” defined by (2.3.7) has Property II. Let’s now check that
it has Property IIL. If w = Y fr dxy, f; € C°°(U), then by definition,
dw =Y dfr N dzr and by (2.3.6) and (2.3.2)

d(dw) = d(dfr) A dar,

so it suffices to check that d(dfr) = 0, i.e., it suffices to check (2.3.4)
for zero forms, f € C*°(U). However, by (2.1.9)

af = o 4
j=1 "
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so by (2.3.7)

d(df) = n d(a—f) da;
1

Notice, however, that in this sum, dz; A dz; = —dx; A\ dx; and

0% f O f

81'2' 8wj B 8:5]- 81‘,’

so the (i, ) term cancels the (j,7) term, and the total sum is zero.
U

A form, w € QF(U), is said to be closed if dw = 0 and is said to be
ezact if w = dy for some p € QF~1(U). By Property III every exact
form is closed, but the converse is not true even for 1-forms. (See
§2.1, exercise 8). In fact it’s a very interesting (and hard) question
to determine if an open set, U, has the property: “For k > 0 every
closed k-form is exact.”!

Some examples of sets with this property are described in the
exercises at the end of §2.5. We will also sketch below a proof of the
following result (and ask you to fill in the details).

Lemma 2.3.1 (Poincaré’s Lemma.). If w is a closed form on U of
degree k > 0, then for every point, p € U, there exists a neighborhood
of p on which w is exact.

(See exercises 5 and 6 below.)

Exercises:

1. Compute the exterior derivatives of the forms below.

1For k = 0, df = 0 doesn’t imply that f is exact. In fact “exactness” doesn’t make
much sense for zero forms since there aren’t any “—1” forms. However, if f € C*°(U)
and df = 0 then f is constant on connected components of U. (See § 2.1, exercise 2.)
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(a) mydwy A dxs

(b) x1dry — xodry

(¢c) e~ fdf where f = S ;p?

(d) >oisq wida

(e) 2?21(—1)i$id$1/\“-/\d/ﬂgi/\---/\ dzy,

2. Solve the equation: dy = w for p € QY(R3), where w is the
2-form

) dxo N\ dxs
b) To dxg N\ dxs
c) (23 +23)dxy A drg
d) coszydry A drs
3.  Let U be an open subset of R".
(a) Show that if u € QF(U) is exact and w € Q¥(U) is closed then
A w is exact. Hint: The formula (2.3.2).
(b) In particular, dz; is exact, so if w € QY(U) is closed dzy Aw =
dp. What is p?
4. Let @ be the rectangle, (a1,b1) X -+ X (an, by). Show that if w

is in Q™(Q), then w is exact.

Hint: Let w = fdxy A--- A dx, with f € C®(Q) and let g be the
function

z1
g(wl,...,afn):/ flt, o, ... xy)dt.
al
Show that w = d(gdza A --- A dxy,).

5. Let U be an open subset of R*™!, A C R an open interval
and (z,t) product coordinates on U x A. We will say that a form,
p € QYU x A) is reduced if it can be written as a sum

(2.3.12) p=>_ fr(zt)dur,

(i.e., no terms involving dt).
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(a) Show that every form, w € QF(U x A) can be written uniquely
as a sum:

(2.3.13) w=dtNa+3

where o and ( are reduced.
(b) Let p be the reduced form (2.3.12) and let

du d
_t = Z %f](1'7t) dl’]

and
dU“:Z<Z f[iL't dl’l)/\dl'[.
Show that J
w
dp=dt N — +dyp.
K qr vk
(¢) Let w be the form (2.3.13). Show that

dw=dt N\ dya + dt/\%—l—dUﬁ

and conclude that w is closed if and only if

ap

2.3.14 —

(2.3.14) 7 dya
By = 0.

(d) Let a be a reduced (k — 1)-form. Show that there exists a re-
duced (k — 1)-form, v, such that

dv
(2.3.15) i .

Hint: Let a = ) fr(z,t)dx; and v = > gr(z,t)dx;. The equa-
tion (2.3.15) reduces to the system of equations

(2.3.16) jt gr(z,t) = fr(x,t).

Let ¢ be a point on the interval, A, and using freshman calculus show
that (2.3.16) has a unique solution, gr(x,t), with gr(x,c) = 0.
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(e) Show that if w is the form (2.3.13) and v a solution of (2.3.15)
then the form

(2.3.17) w—dv

is reduced.
(f) Let
v = Z hi(x,t)dx)I
be a reduced k-form. Deduce from (2.3.14) that if 7 is closed then
d
d—z = 0 and dy~vy = 0. Conclude that hj(z,t) = hy(z) and that

v = Zh[(l’) dxy

is effectively a closed k-form on U. Now prove: If every closed k-form
on U is exact, then every closed k-form on U x A is exact. Hint: Let
w be a closed k-form on U x A and let v be the form (2.3.17).

6. Let @ C R™ be an open rectangle. Show that every closed form
on () of degree k > 0 is exact. Hint: Let Q = (a1,b1) X -+ X (an, by).
Prove this assertion by induction, at the n'" stage of the induction
letting U = (a1,b1) X -+ X (ap—1,bn—1) and A = (an, by).

2.4 The interior product operation

In §2.1 we explained how to pair a one-form, w, and a vector field,
v, to get a function, ¢(v)w. This pairing operation generalizes: If one
is given a k-form, w, and a vector field, v, both defined on an open
subset, U, one can define a (k — 1)-form on U by defining its value
at p € U to be the interior product

(2.4.1) v(v(p))w(p) -

Note that v(p) is in T,R™ and w(p) in A*(T;R™), so by definition
of interior product (see §1.7), the expression (2.4.1) is an element of
Ak_l(T;]R”). We will denote by ¢(v)w the (kK —1)—form on U whose
value at p is (2.4.1). From the properties of interior product on vector
spaces which we discussed in §1.7, one gets analogous properties for
this interior product on forms. We will list these properties, leaving
their verification as an exercise. Let v and w be vector fields, and wq
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and wo k-forms, w a k-form and p an ¢-form. Then ¢(v)w is linear in
w:

(2.4.2) t(v) (w1 + w2) = t(v)wy + t(v)we,
linear in v:
(2.4.3) v+ ww = t)w+ z(w)w,

has the derivation property:

(2.4.4) L) (w A p) = t(©)w A p+ (=1)*w A )
satisfies the identity

(2.4.5) L) ((w)w) = —t(w)(t(v)w)

and, as a special case of (2.4.5), the identity,

(2.4.6) t(v)(t(v)w) =0.

Moreover, if w is “decomposable” i.e., is a wedge product of one-
forms

(2.4.7) wo o= pr A A g,

then
k

(248) o = ST ) A A g
r=1

We will also leave for you to prove the following two assertions, both
of which are special cases of (2.4.8). If v = 0/0z, and w = dzy =
dx;, N --- A\dz;, then

k

(2.4.9) tw = Z(—l)rdfrdajjr
r=1

where
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and I, = (i1,...,ir,... i) and if v = Y fid/0zr; and w = dxy A
-+ A dx, then

(2.4.10) t(v)w = Z(—l)r_lfr dzy A dey - A day, .

By combining exterior differentiation with the interior product op-
eration one gets another basic operation of vector fields on forms: the
Lie differentiation operation. For zero-forms, i.e., for C* functions,
¢, we defined this operation by the formula (2.1.14). For k-forms
we’ll define it by the slightly more complicated formula

(2.4.11) Lyw = 1(v) dw + div(v)w .

(Notice that for zero-forms the second summand is zero, so (2.4.11)
and (2.1.14) agree.) If w is a k-form the right hand side of (2.4.11)
is as well, so L, takes k-forms to k-forms. It also has the property

(2.4.12) dLyw = Ly dw
i.e., it “commutes” with d, and the property
(2.4.13) Ly(wAp)=LywAp+wA Lyu

and from these properties it is fairly easy to get an explicit formula
for Lyw. Namely let w be the k-form

w=> frder, frec>U)
and v the vector field
> 9i0/0x;, gi€C(U).
By (2.4.13)
Ly(frdzr) = (Lofr)dzr + fi(Ly dzr)

and

k
Lydr; = Y dwy Ao ALydwi, Ao A da,
r=1

and by (2.4.12)
LU dwir, = dvaiT,
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so to compute L,w one is reduced to computing L,xz;. and L,fr.
However by (2.4.13)

Lyz;, = g,
and

0
va] = Zgza—il

We will leave the verification of (2.4.12) and (2.4.13) as exercises,
and also ask you to prove (by the method of computation that we’ve
just sketched) the divergence formula

Jg;
81‘2'

(2.4.14) Ly(dzy A -+ Ndxy) = Z ( > dri N\ --- Ndxy, .

Exercises:

1. Verify the assertions (2.4.2)—(2.4.7).

2. Show that if w is the k-form, dz; and v the vector field, 0/0x,,
then ¢(v)w is given by (2.4.9).

3.  Show that if w is the n-form, dz1 A - -+ A dz,, and v the vector
field, > f; 0/0x;, t(v)w is given by (2.4.10).

4. Let U be an open subset of R"™ and v a C* vector field on U.
Show that for w € QF(U)

dL,w = L,dw

and

tolyw = Lytyw.

Hint: Deduce the first of these identities from the identity d(dw) = 0
and the second from the identity ¢(v)(¢(v)w) =0.)

5. Given w; € QF(U), i = 1,2, show that
Lv(wl A wg) = Lywi Awg + w1 A Lyws .

Hint: Plug w = wy A we into (2.4.11) and use (2.3.2) and (2.4.4)to
evaluate the resulting expression.
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6. Let v; and vy be vector fields on U and let w be their Lie
bracket. Show that for w € QF(U)

Lyw = Ly, (Ly,w) — Ly, (Ly,w) .

Hint: By definition this is true for zero-forms and by (2.4.12) for
exact one-forms. Now use the fact that every form is a sum of wedge
products of zero-forms and one-forms and the fact that L, satisfies
the product identity (2.4.13).

7.  Prove the divergence formula (2.4.14).
8. (a) Letw = QF(R™) be the form

w= ij(ajl, coyXp)dxy
and v the vector field, 9/ 8xn. Show that

an—z fI (x1y...,xp)dey.

(b) Suppose t(v)w = Lyw = 0. Show that w only depends on
x1,..., 251 and dx1,...,dz,_1, i.e., is effectively a k-form on R™ 1.

(¢) Suppose t(v)w = dw = 0. Show that w is effectively a closed
k-form on R™~1.

(d) Use these results to give another proof of the Poincaré lemma
for R™. Prove by induction on n that every closed form on R™ is
exact.

Hints:
i Let w be the form in part (a) and let

gr(z1,...,x / fr(xy, ..., 21, t)dt.
Show that if v = ) gr dxy, then Lyv = w.
ii.  Conclude that
(*) w— du(o)r = (o) dv.

ili. Suppose dw = 0. Conclude from (*) and from the formula (2.4.6)
that the form 8 = «(v) dv satisfies df = ()5 = 0.

iv. By part ¢, 3 is effectively a closed form on R®~!, and by induc-
tion, # = da. Thus by (*)

w=d(o)r + da.
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2.5 The pull-back operation on forms

Let U be an open subset of R", V' an open subset of R™ and f :
U — V a C*® map. Then for p € U and ¢ = f(p), the derivative of f
at p

dfp : T,R" — T,R™
is a linear map, so (as explained in §7 of Chapter 1) one gets from
it a pull-back map

(2.5.1) dfy - AR(TIR™) — AF(TFR™) .
In particular, let w be a k-form on V. Then at ¢ € V, w takes the
value

wg € AF(T;R™),
so we can apply to it the operation (2.5.1), and this gives us an
element:

(2.5.2) dfpwy € AF(TFR™) .

In fact we can do this for every point p € U, so this gives us a
function,

(2.5.3) peU — (dfy)'wg, a=f(p).

By the definition of k-form such a function is a k-form on U. We will
denote this k-form by f*w and define it to be the pull-back of w by
the map f. A few of its basic properties are described below.

1. Let ¢ be a zero-form, i.e., a function, ¢ € C*°(V'). Since
AT =ANT;) =R

the map (2.5.1) is just the identity map of R onto R when k is equal
to zero. Hence for zero-forms

(2.5.4) (f*e)(p) = ¢(a),
i.e., f* is just the composite function, g o f € C*(U).

2. Let u € QY(V) be the 1-form, u = dy. By the chain rule (2.5.2)
unwinds to:

(2.5.5) (dfp)"dpg = (dp)q © dfp = d(w o [)p
and hence by (2.5.4)
(2.5.6) frfdp=df*e.



2.5 The pull-back operation on forms 81
3. Ifw; and wy are in QF(V) we get from (2.5.2)

(dfp)" (w1 + wa)q = (dfp)" (w1)q + (dfp)" (w2)q
and hence by (2.5.3)

[fwi +w2) = ffwr + ffws.

4. We observed in § 1.7 that the operation (2.5.1) commutes with
wedge-product, hence if wy is in QF(V) and ws is in Q4(V)

df;(wl)q A (w2)g = df;(wl)q A df;(w2)q .
In other words

(2.5.7) f*w1 N wo = f*w1 VAN f*CUQ .

5.  Let W be an open subset of R¥ and g : V. — W a C° map.
Given a point p € U, let ¢ = f(p) and w = g(q). Then the composi-

tion of the map

(dfp)" : AN(Ty) — AN(T)

and the map
(dgq)™ : AF(T5) — AX(Ty)

is the map
(dgq o dfy)" : AM(Ty;) — AM(T})

by formula (1.7.4) of Chapter 1. However, by the chain rule
(dgq) o (df)p = d(g © f)p
so this composition is the map
d(go )y« AN(T) — AN(T).
Thus if w is in QF(W)
(2.5.8) [Hgw) =(g90 f)w.

Let’s see what the pull-back operation looks like in coordinates.
Using multi-index notation we can express every k-form, w € QF(V)
as a sum over multi-indices of length k

(2.5.9) w="Y ¢rder,
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the coefficient, ¢, of dx being in C*°(V'). Hence by (2.5.4)

frw=>" frorf*(der)

where f*pr is the function of ¢ o f. What about f*dz;? If I is the
multi-index, (i1,...,%), then by definition

drp =dxy A--- N dzg,

SO
dder = frdx; N N fday,

by (2.5.7), and by (2.5.6)
[rdr; = df*r; = df;
where f; is the i coordinate function of the map f. Thus, setting
dfr = dfy, N+ Ndfy,
we get for each multi-index, I,
(2.5.10) frdxr = dfy
and for the pull-back of the form (2.5.9)
(2.5.11) Fro=>" frerdfr.

We will use this formula to prove that pull-back commutes with
exterior differentiation:

(2.5.12) dffw=f"dw.

To prove this we recall that by (2.2.5), d(dfr) = 0, hence by (2.2.2)
and (2.5.10)

df'w = ) dferndf
= D frdpr A df*dz

= f*) der A day
= ffdw.
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A special case of formula (2.5.10) will be needed in Chapter 4: Let
U and V be open subsets of R™ and let w = dz1 A -+ A dx,. Then
by (2.5.10)

[rwp = (dfi)p A=+ A (dfn)p
for all p € U. However,

(@0 = 3 G20 ey,

and hence by formula (1.7.7) of Chapter 1

ofi
8:5]-

Frw, = det [ (p)] (dz1 A A dan)p.

In other words

ofi
81']'

(2.5.13) f*d:cl/\-‘-/\d:cn:det[ } dzi A - A dzy, .

We will outline in exercises 4 and 5 below the proof of an important
topological property of the pull-back operation. Let U be an open
subset of R™, V an open subset of R, A C R an open interval
containing 0 and 1 and f; : U — V, 4= 0,1, a C* map.

Definition 2.5.1. A C*® map, F : U x A — V, is a homotopy
between fo and f1 if F(x,0) = fo(x) and F(z,1) = fi1(z).

Thus, intuitively, fo and f; are homotopic if there exists a family
of C* maps, f; : U — V, fi(x) = F(x,t), which “smoothly deform
fo into f1”. In the exercises mentioned above you will be asked to
verify that for fo and f; to be homotopic they have to satisfy the
following criteria.

Theorem 2.5.2. If fo and fi are homotopic then for every closed
form, w € QF(V), fiw — fiw is exact.

This theorem is closely related to the Poincaré lemma, and, in fact,
one gets from it a slightly stronger version of the Poincaré lemma
than that described in exercises 56 in §2.2.

Definition 2.5.3. An open subset, U, of R™ is contractable if, for
some point py € U, the identity map

Hh:U—=U, f=rp,
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18 homotopic to the constant map

fo:U—=U, folp)=po-

From the theorem above it’s easy to see that the Poincaré lemma
holds for contractable open subsets of R”. If U is contractable every
closed k-form on U of degree k > 0 is exact. (Proof: Let w be such a
form. Then for the identity map fjw = w and for the constant map,

fiw=0.)
Exercises.
1. Let f:R3 — R3 be the map
f(m1, 22, 33) = (2122, 7973, 23) .
Compute the pull-back, f*w for

(a) w=xodrs
(b) w=uz1dz1 A dxs
(¢) w=uz1dry A deo N\ drs

2. Let f:R? — R3 be the map
flar,w2) = (2,25, 2122)
Complete the pull-back, f*w, for

(a) w=uzodry+ x3drs
(b) w=uz1dzs A dxs
(¢) w=dzxi A dre A dzs

3. Let U be an open subset of R, V' an open subset of R™, f :
U — V aC® map and 7 : [a,b] — U a C* curve. Show that for

w e QYY) / /
ffo=[ w
g m

where 71 : [a,b] — V is the curve, v1(t) = f(7(t)). (See § 2.1,
exercise 7.)
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4. Let U be an open subset of R", A C R an open interval con-
taining the points, 0 and 1, and (x,t) product coordinates on U x A.
Recall (§ 2.2, exercise 5) that a form, u € QYU x A) is reduced if it
can be written as a sum

(2.5.14) = Z fr(z,t)dey

(i.e., none of the summands involve “dt”). For a reduced form, p, let
Qu € QY(U) be the form

(2.5.15) Qu = (Z /0 1 frz,t) dt> dx;

and let pu; € Q(U), i = 0,1 be the forms

(2.5.16) po = Y fr(x,0)dx;
and
(2.5.17) po= Y fr(z,1)da;.

Now recall that every form, w € QF(U x A) can be written uniquely
as a sum

(2.5.18) w=dtNa+p

where a and 3 are reduced. (See exercise 5 of § 2.3, part a.)

(a) Prove
Theorem 2.5.4. If the form (2.5.18) is closed then
(2.5.19) Bo — B = dQu.

Hint: Formula (2.3.14).

(b) Let ¢p and ¢; be the maps of U into U x A defined by ¢o(z) =
(,0) and ¢1(z) = (x,1). Show that (2.5.19) can be rewritten

(2.5.20) Low — Ljw = dQa.

5.  Let V be an open subset of R™ and f; : U — V,i=0,1, C*®
maps. Suppose fg and fi are homotopic. Show that for every closed
form, pn € QF(V), fiu— fiuis exact. Hint: Let F: U x A — V be a
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homotopy between fy and f; and let w = F*u. Show that w is closed
and that fju = (jw and f'p = jw. Conclude from (2.5.20) that

(2.5.21) fan— fin= dQa
where w = dt Ao+ § and « and (§ are reduced.

6. Show that if U C R™ is a contractable open set, then the
Poincaré lemma holds: every closed form of degree k£ > 0 is exact.

7. An open subset, U, of R" is said to be star-shaped if there exists
a point pg € U, with the property that for every point p € U, the
line segment,

tp+(1—t)po, 0<t<1,

joining p to pg is contained in U. Show that if U is star-shaped it is
contractable.

8. Show that the following open sets are star-shaped:

(a) The open unit ball

{z eR", ||z| < 1}.

(b) The open rectangle, Iy x --- x I, where each Ij is an open
subinterval of R.

(c) R™ itself.
(d) Product sets

U1 XUQQR”ZRM x R™
where U; is a star-shaped open set in R"™:.

9. Let U be an open subset of R”, f; : U — U, t € R, a one-
parameter group of diffeomorphisms and v its infinitesimal generator.
Given w € QF(U) show that at ¢t =0

d .
(2.5.22) %ft w= Lyw.

Here is a sketch of a proof:
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(a) Let v(t) be the curve, v(t) = fi(p), and let ¢ be a zero-form,
i.e., an element of C*°(U). Show that

frelp) = e(v(1))

and by differentiating this identity at ¢ = 0 conclude that (2.4.40)
holds for zero-forms.
(b) Show that if (2.4.40) holds for w it holds for dw. Hint: Differ-
entiate the identity
at t = 0.
(c) Show that if (2.4.40) holds for w; and wsy it holds for w; A w.
Hint: Differentiate the identity

fr(wi Aw2) = ffwr A fiws
at t = 0.

(d) Deduce (2.4.40) from a, b and c. Hint: Every k-form is a sum
of wedge products of zero-forms and exact one-forms.

10. In exercise 9 show that for all ¢
d
(2.5.23) %ft*w = fifLyw=Lyffw.

Hint: By the definition of “one-parameter group”, fsi: = fso fr =
fro fs, hence:

foqw = fi(fiw) = f3(fiw).
Prove the first assertion by differentiating the first of these identities
with respect to s and then setting s = 0, and prove the second
assertion by doing the same for the second of these identities.

In particular conclude that

(2.5.24) fiLyw = Lyffw.

11. (a) By massaging the result above show that

(2525) %ft*w = thw + Qt dw
where
(2.5.26) Quw = fli(v)w.

Hint: Formula (2.4.11).
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(b) Let
Qw = /1 fi(v)wdt.
0
Prove the homotopy indentity

(2.5.27) fiw— fow = dQw+ Q dw .

12. Let U be an open subset of R™, V an open subset of R™, v a
vector field on U, w a vector field on V and f: U — V a C* map.
Show that if v and w are f-related

L) ffw = fr(w)w.

Hint: Chapter 1, §1.7, exercise 8.

2.6 Div, curl and grad

The basic operations in 3-dimensional vector calculus: grad, curl and
div are, by definition, operations on vector fields. As we’ll see below
these operations are closely related to the operations

(2.6.1) d: OFR?) — QFL(R?)

in degrees kK = 0,1,2. However, only two of these operations: grad
and div, generalize to n dimensions. (They are essentially the d-
operations in degrees zero and n — 1.) And, unfortunately, there is
no simple description in terms of vector fields for the other n — 2 d-
operations. This is one of the main reasons why an adequate theory
of vector calculus in n-dimensions forces on one the differential form
approach that we’ve developed in this chapter. Even in three dimen-
sions, however, there is a good reason for replacing grad, div and curl
by the three operations, (2.6.1). A problem that physicists spend a
lot of time worrying about is the problem of general covariance: for-
mulating the laws of physics in such a way that they admit as large
a set of symmetries as possible, and frequently these formulations
involve differential forms. An example is Maxwell’s equations, the
fundamental laws of electromagnetism. These are usually expressed
as identities involving div and curl. However, as we’ll explain below,
there is an alternative formulation of Maxwell’s equations based on
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the operations (2.6.1), and from the point of view of general covari-
ance, this formulation is much more satisfactory: the only symmetries
of R? which preserve div and curl are translations and rotations,
whereas the operations (2.6.1) admit all diffeomorphisms of R? as
symmetries.

To describe how grad, div and curl are related to the opera-
tions (2.6.1) we first note that there are two ways of converting vector
fields into forms. The first makes use of the natural inner product,
B(v,w) =Y v;w;, on R™. From this inner product one gets by § 1.2,
exercise 9 a bijective linear map:

(2.6.2) L:R" — (R")*

with the defining property: L(v) = ¢ < ¢(w) = B(v,w). Via the
identification (2.1.2) B and L can be transferred to T,,R", giving one
an inner product, By, on T,R" and a bijective linear map

(2.6.3) Ly, : T,R" — T'R".

Hence if we’re given a vector field, v, on U we can convert it into a
1-form, v¥, by setting

(2.6.4) v¥(p) = Lyo(p)

and this sets up a one—one correspondence between vector fields and
1-forms. For instance

(2.6.5) b o of = dry,

- 81’Z

(see exercise 3 below) and, more generally,

(2.6.6) b= Zf2£ = t)jj = Z fl diL'Z .

In particular if f is a C* function on U the vector field “grad f” is
by definition

of 0
(2.6.7) Zag}fi 3,

and this gets converted by (2.6.8) into the 1-form, df. Thus the
“grad” operation in vector calculus is basically just the operation,
d: QY U) — QYU).
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The second way of converting vector fields into forms is via the
interior product operation. Namely let € be the n-form, dxi A--- A
dx,. Given an open subset, U of R™ and a C* vector field,

0
2.6.8 = o
(2:6.8) v=2 figy
on U the interior product of v with € is the (n — 1)-form
(2.6.9) ()2 = Z(—l)r_lfrdznl Ao Aday e A day, .

Moreover, every (n — 1)-form can be written uniquely as such a sum,
50 (2.6.8) and (2.6.9) set up a one-one correspondence between vector
fields and (n — 1)-forms. Under this correspondence the d-operation
gets converted into an operation on vector fields

(2.6.10) v — di(v)§2.

Moreover, by (2.4.11)
di(v)Q2 = L,Q

and by (2.4.14)
L,Q = div(v)Q

where

. (2
(2.6.11) div(v) ; o
In other words, this correspondence between (n—1)-forms and vector
fields converts the d-operation into the divergence operation (2.6.11)
on vector fields.

Notice that “div” and “grad” are well-defined as vector calculus
operations in n-dimensions even though one usually thinks of them
as operations in 3-dimensional vector calculus. The “curl” operation,
however, is intrinsically a 3-dimensional vector calculus operation.
To define it we note that by (2.6.9) every 2-form, p, can be written
uniquely as an interior product,

(2.6.12) w=t(w)dry A dxa A dzs,

for some vector field v, and the left-hand side of this formula de-
termines tv uniquely. Now let U be an open subset of R? and v a
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vector field on U. From v we get by (2.6.6) a 1-form, v¥, and hence
by (2.6.12) a vector field, to, satisfying

(2.6.13) dof = i(w) dzy A dzo A das.
The “curl” of v is defined to be this vector field, in other words,
(2.6.14) curlv = 1w,

where v and to are related by (2.6.13).

We’ll leave for you to check that this definition coincides with the
definition one finds in calculus books. More explicitly we’ll leave for
you to check that if v is the vector field

0 0 0
(2.6.15) v o= fla—wl + an_xQ + f?’a—xg,
then
0 0 0
(2.6.16) curlv = gla—l‘l + 92% + 938—1'3
where
_ b ok
9 81’3 81’2
dfs 0fi
2.6.1 = — = =
(2.6.17) g2 921 Ous
_ Oh _0f
g3 81’2 81’1 '

To summarize: the grad, curl and div operations in 3-dimensions
are basically just the three operations (2.6.1). The “grad” operation
is the operation (2.6.1) in degree zero, “curl” is the operation (2.6.1)
in degree one and “div” is the operation (2.6.1) in degree two. How-
ever, to define “grad” we had to assign an inner product, B, to the
next tangent space, T,R", for each p in U; to define “div” we had to
equip U with the 3-form, 2, and to define “curl”, the most compli-
cated of these three operations, we needed the By’s and ). This is
why diffeomorphisms preserve the three operations (2.6.1) but don’t
preserve grad, curl and div. The additional structures which one
needs to define grad, curl and div are only preserved by translations
and rotations.
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We will conclude this section by showing how Maxwell’s equa-
tions, which are usually formulated in terms of div and curl, can be
reset into “form” language. (The paragraph below is an abbreviated
version of Guillemin—Sternberg, Symplectic Techniques in Physics,
§1.20.)

Maxwell’s equations assert:

(2.6.18) divey = ¢

0
2.6.19 lop = ——=uv
(2:6.19) clog = —Luy
(2.6.20) divoy, = 0
(2.6.21) Ceurloy, = o+ %UE

where v g and v are the electric and magnetic fields, g is the scalar
charge density, 1 is the current density and c is the velocity of light.
(To simplify (2.6.25) slightly we’ll assume that our units of space—
time are chosen so that ¢ = 1.) As above let Q = dxq A dxg A dxs
and let

(2.6.22) pe = u(bp)Q
and
(2.6.23) v = (o)),

We can then rewrite equations (2.6.18) and (2.6.20) in the form

(2.6.18") dug = q¢Q
and
(2.6.20") duy = 0.

What about (2.6.19) and (2.6.21)? We will leave the following
“form” versions of these equations as an exercise.

0
2.6.19/ o
(2.6.19") do, B M

and

(2.6.21) o’ = () + %ME
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where the 1-forms, UﬁE and Ut}w , are obtained from vg and v,; by

the operation, (2.6.4).
These equations can be written more compactly as differential
form identities in 3 + 1 dimensions. Let wj; and wg be the 2-forms

(2.6.24) Wi = g — O A dt
and
(2.6.25) wp = pp—vi, A dt

and let A be the 3-form
(2.6.26) A=gQ+1(r)QA dt.

We will leave for you to show that the four equations (2.6.18) —
(2.6.21) are equivalent to two elegant and compact (3+1)-dimensional
identities

(2.6.27) dwyy = 0
and

(2.6.28) dwg = A.
Exercises.

1. Verify that the “curl” operation is given in coordinates by the
formula (2.6.17).

2. Verify that the Maxwell’s equations, (2.6.18) and (2.6.19) be-
come the equations (2.6.20) and (2.6.21) when rewritten in differen-
tial form notation.

3. Show that in (3 + 1)-dimensions Maxwell’s equations take the
form (2.6.17)—(2.6.18).

4. Let U be an open subset of R? and v a vector field on U. Show
that if v is the gradient of a function, its curl has to be zero.

5. If U is simply connected prove the converse: If the curl of v
vanishes, v is the gradient of a function.
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6. Let w = curlv. Show that the divergence of w is zero.

7. Is the converse statment true? Suppose the divergence of w is
zero. Is w = curlwv for some vector field v?

2.7 Symplectic geometry and classical mechanics

In this section we’ll describe some other applications of the theory
of differential forms to physics. Before describing these applications,
however, we’ll say a few words about the geometric ideas that are

involved. Let x1,...,T9, be the standard coordinate functions on
R?" and for i = 1,...,n let y; = 2;4,. The two-form

n
(2.7.1) w=Y_dz; Ajy;

i=1

is known as the Darbouz form. From the identity

(2.7.2) w=—d (Z Yi dl‘i) .

it follows that w is exact. Moreover computing the n-fold wedge
product of w with itself we get

i;=1 in=1

= Z dz;, Ndy;, N--- ANdx;, ANdy;, .

We can simplify this sum by noting that if the multi-index, I =
i1,...,1y,, is repeating the wedge product

(2.7.3) dxi, Ndyi, N - Ndx;, A dx;,

involves two repeating dx;,’s and hence is zero, and if I is non-
repeating we can permute the factors and rewrite (2.7.3) in the form

dry ANdyr A -+ Ndxy A dyy, .

(See §1.6, exercise 5.) Hence since these are exactly n! non-repeating
multi-indices

Wr=nldey Adyy A+ A dxp A dyy,



2.7 Symplectic geometry and classical mechanics 95

i.e.,
2.7.4 Lon = Q
where
(2.7.5) Q = dxy Adyy A+ A dxy, Adyn

is the symplectic volume form on R?".

Let U and V be open subsets of R?". A diffeomorphism f: U — V
is said to be a symplectic diffeomorphism (or symplectomorphism for
short) if f*w = w. In particular let

(2.7.6) fi :U—=U, —oo<t<oo

be a one-parameter group of diffeomorphisms and let v be the vector
field generating (2.7.6). We will say that v is a symplectic vector field
if the diffeomorphisms, (2.7.6) are symplectomorphisms, i.e., for all ¢,

(2.7.7) fiw=w.

Let’s see what such vector fields have to look like. Note that by
(2.5.23)

d * *
(2.7.8) a'ft w = ft va ;
hence if fw = w for all ¢, the left hand side of (2.7.8) is zero, so

fiLyw=0.

In particular, for t = 0, f; is the identity map so f;L,w = L,w = 0.
Conversely, if Lyw = 0, then ffL,w = 0 so by (2.7.8) ffw doesn’t
depend on t. However, since ffw = w for ¢ = 0 we conclude that
ffw =w for all ¢t. Thus to summarize we've proved

Theorem 2.7.1. Let f; : U — U be a one-parameter group of dif-
feomorphisms and v the infinitesmal generator of this group. Then v
is symplectic of and only if L,w = 0.

There is an equivalent formulation of this result in terms of the
interior product, ¢(v)w. By (2.4.11)

Lyw = di(v)w + t(v) dw .
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But by (2.7.2) dw =0 so
Lyw = di(v)w

Thus we’ve shown

Theorem 2.7.2. The vector field v is symplectic if and only if t(v)w
is closed.

If t(v)w is not only closed but is exact we’ll say that v is a Hamil-
tonian vector field. In other words v is Hamiltonian if

(2.7.9) t(v)w =dH

for some C* functions, H € C*(U).
Let’s see what this condition looks like in coordinates. Let

(2.7.10) v = Zfl -+ 95 o

Then

Zfl < )dx]/\dyj
+Zgl < )dwj/\dyl

L<i>d{£' = L=

dzr;) 7 |0 i
0

<8w,>dyj =0

so the first summand above is

> fidyi

and a similar argument shows that the second summand is

—Zgidwi-

But

and
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Hence if v is the vector field (2.7.10)

(2.7.11) (v)w = Z fidy; — gi dx; .
Thus since OH OH
H = —— dx; + — dy;
d 2, dx; + o dy
we get from (2.7.9)—(2.7.11)
0H OH
2.7.12 i = i =
(2.7.12) fi= 5, adoi=—5"

so v has the form:

In particular if v(t) = (z(t), y(t)) is an integral curve of v it has
to satisfy the system of differential equations

(2.7.14) i ayi(:c(t),y(t))
- URO)

The formulas (2.7.10) and (2.7.11) exhibit an important property of
the Darboux form, w. Every one-form on U can be written uniquely
as a sum

> fidy; — gi da;
with f; and g; in C*°(U) and hence (2.7.10) and (2.7.11) imply

Theorem 2.7.3. The map, v — 1(v)w, sets up a one-one correspon-
dence between vector field and one-forms.

In particular for every C*° function, H, we get by correspondence
a unique vector field, v = vy, with the property (2.7.9).
We next note that by (1.7.6)

L,H = 1(v)dH = 1(v)(t(v)w) = 0.
Thus

(2.7.15) L,H=0
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i.e., H is an integral of motion of the vector field, v. In particular
if the function, H : U — R, is proper, then by Theorem 2.1.10 the
vector field, v, is complete and hence by Theorem 2.7.1 generates a
one-parameter group of symplectomorphisms.

One last comment before we discuss the applications of these re-
sults to classical mechanics. If the one-parameter group (2.7.6) is a
group of symplectomorphisms then ffw" = ffw A--- A ffw =w" so
by (2.7.4)

(2.7.16) fra=0

where (2 is the symplectic volume form (2.7.5).

The application we want to make of these ideas concerns the de-
scription, in Newtonian mechanics, of a physical system consisting of
N interacting point-masses. The configuration space of such a system
is

R"=R3x--- xR3 (N copies)

with position coordinates, z1,...,z, and the phase space is R?"
with position coordinates z1,...,x, and momentum coordinates,
Y1,...,Yn. The kinetic energy of this system is a quadratic function
of the momentum coordinates

1 1
2.7.1 "
(2.7.17) 3 2

and for simplicity we’ll assume that the potential energy is a func-
tion, V(x1,...,x,), of the position coordinates alone, i.e., it doesn’t
depend on the momenta and is time-independent as well. Let

1 1
(2.7.18) H = gzﬁyf +V(x1,...,2,)

be the total energy of the system. We’ll show below that Newton’s
second law of motion in classical mechanics reduces to the assertion:
the trajectories in phase space of the system above are just the integral
curves of the Hamiltonian vector field, vy.

Proof. For the function (2.7.18) the equations (2.7.14) become

dwi 1
2.7.1 = —y
dyi ov

dt B Z?:cl '
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The first set of equation are essentially just the definitions of mo-
menta, however, if we plug them into the second set of equations we
get

d2$i 6V
2.7.20 mi— = ——
( ) ! dt2 81’Z
and interpreting the term on the right as the force exerted on the 3t
point-mass and the term on the left as mass times acceleration this
equation becomes Newton’s second law.

O

In classical mechanics the equations (2.7.14) are known as the
Hamilton—Jacobi equations. For a more detailed account of their role
in classical mechanics we highly recommend Arnold’s book, Mathe-
matical Methods of Classical Mechanics. Historically these equations
came up for the first time, not in Newtonian mechanics, but in gemo-
metric optics and a brief description of their origins there and of their
relation to Maxwell’s equations can be found in the bookl we cited
above, Symplectic Techniques in Physics.

We’ll conclude this chapter by mentioning a few implications of
the Hamiltonian description (2.7.14) of Newton’s equations (2.7.20).

1. Conservation of energy. By (2.7.15) the energy function (2.7.18)
is constant along the integral curves of v, hence the energy of the
system (2.7.14) doesn’t change in time.

2. Noether’s principle. Let v; : R?™ — R?™ be a one-parameter
group of diffeomorphisms of phase space and w its infinitesmal gen-
erator. The ;s are called a symmetry of the system above if

(a) They preserve the function (2.7.18)
and

(b) the vector field w is Hamiltonian.
The condition (b) means that
(2.7.21) L(w)w = dG

for some C* function, G, and what Noether’s principle asserts is that
this function is an integral of motion of the system (2.7.14), i.e., sat-
isfies L,G = 0. In other words stated more succinctly: symmetries
of the system (2.7.14) give rise to integrals of motion.
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3. Poincaré recurrence. An important theorem of Poincaré asserts
that if the function H : R?*" — R defined by (2.7.18) is proper then
every trajectory of the system (2.7.14) returns arbitrarily close to
its initial position at some positive time, tg, and, in fact, does this
not just once but does so infinitely often. We’ll sketch a proof of this
theorem, using (2.7.16), in the next chapter.

Exercises.

1. Let vy be the vector field (2.7.13). Prove that div(vg) = 0.

2. Let U be an open subset of R™, f; : U — U a one-parameter
group of diffeomorphisms of U and v the infinitesmal generator of
this group. Show that if « is a k-form on U then ffa = « for all ¢ if
and only if L,a = 0 (i.e., generalize to arbitrary k-forms the result
we proved above for the Darboux form).

3. The harmonic oscillator. Let H be the function Y"1 m;(z? +
y?) where the m;’s are positive constants.

(a) Compute the integral curves of vy.

(b) Poincaré recurrence. Show that if (z(t), y(t)) is an integral curve
with initial point (zo,y0) = (2(0),y(0)) and U an arbitrarily small
neighborhood of (¢, o), then for every ¢ > 0 there exists a t > ¢
such that (z(t),y(t)) € U.

4.  Let U be an open subset of R?" and let H;, i = 1,2, be in
C>(U);. Show that

(2.7.22) (e, vm,] = vl
where

~OH, OHy 9Hy OH,
(2.7.23) H:; ox; Oy Oy oy

5. The expression (2.7.23) is known as the Poisson bracket of Hy
and Hy and is denoted by {H1, Hy}. Show that it is anti-symmetric

{H1,Ho} = —{Ha, H1}
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and satisfies Jacobi’s identity

0= {Hy,{Ha, H3}} + {Ha, {Hs3, H1}} + {H3,{Hy1, H2}} .

6. Show that

(2.7.24) {Hy, Hy} = Loy, Hy = =Ly, Hy

7. Prove that the following three properties are equivalent.

(a) {Hi, Hz}=0.
(b) Hj is an integral of motion of vs.

(¢c) Hj is an integral of motion of v;.

8. Verify Noether’s principle.

Conservation of linear momentum. Suppose the potential, V in
(2 7.18) is invariant under the one-parameter group of translations

Ti(x1,...,xn) = (x1+t,... 20+ 1).

(a) Show that the function (2.7.18) is invariant under the group of
diffeomorphisms

71‘/('1'7 y) = (T;gﬂj‘, y) .
(b) Show that the infinitesmal generator of this group is the Hamil-
tonian vector field vg where G = Y1, ;.

(c) Conclude from Noether’s principle that this function is an in-
tegral of the vector field vy, i.e., that “total linear moment” is con-
served.

(d) Show that “total linear momentum” is conserved if V' is the
Coulomb potential
2 o—a

|z 2_$y|

10. Let R::R?*™ — R?" be the rotation which fixes the variables,
(xk,yr), k # i and rotates (x;,y;) by the angle, t:

R;(:L"Z,yl) = (costx; +sinty;, —sintxz; + costy;) .
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(a) Show that Ri, —oco < t < oo, is a one-parameter group of
symplectomorphisms.

(b) Show that its generator is the Hamiltonian vector field, vy,
where H; = (22 + y2)/2.

(c) Let H be the “harmonic oscillator” Hamiltonian in exercise 3.
Show that the RJ’s preserve H.

(d) What does Noether’s principle tell one about the classical me-
chanical system with energy function H?

11. Show that if U is an open subset of R?" and v is a symplec-
tic vector field on U then for every point, pg € U, there exists a
neighborhood, Uy, of py on which v is Hamiltonian.

12.  Deduce from exercises 4 and 11 that if v; and v9 are symplectic
vector fields on an open subset, U, of R?" their Lie bracket, [v1, vs],
is a Hamiltonian vector field.

13. Let a be the one-form, > | y; du;.

(a) Show that w = —da.

)
b) Show that if a7 is any one-form on R?" with the property,
w = —dayq, then

a=aoa + F

for some C*° function F.

(¢) Show that o = ¢(w)w where w is the vector field

0

- Z yi(‘?—yi .
14. Let U be an open subset of R?" and v a vector field on U. Show
that v has the property, L,a = 0, if and only if
(2.7.25) t(v)w = di(v)a.
In particular conclude that if L, = 0 then v is Hamiltonian. Hint: (2.7.2).
15. Let H be the function
(2.7.26) H(zy) =) fi@)yi.,
where the f;’s are C* functions on R"™. Show that

(2.7.27) Ly, =0.
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16. Conversely show that if H is any C* function on R?" satisfying
(2.7.27) it has to be a function of the form (2.7.26). Hints:

(a) Let v be a vector field on R?" satisfying L,a = 0. By the
previous exercise v = vy, where H = 1(v)a.

(b) Show that H has to satisfy the equation

" 9H

(¢) Conclude that if H, = g—g then H, has to satisfy the equation

- 0

(d) Conclude that H, has to be constant along the rays (x,ty),
0<t<o0.

(e) Conclude finally that H, has to be a function of  alone, i.e., doesn’t
depend on y.

17.  Show that if vgn~ is a vector field

0
Zfi(m)a—;,;i

on configuration space there is a unique lift of vgr to phase space
0 0
v = E () =— (T, y)=—

satisfying L,a = 0.
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CHAPTER 3

INTEGRATION OF FORMS

3.1 Introduction

The change of variables formula asserts that if U and V' are open
subsets of R” and f : U — V a C! diffeomorphism then, for every
continuous function, ¢ : V' — R the integral

/V e(y) dy

exists if and only if the integral

/ o0 f(2)|det Df ()| dz
U

exists, and if these integrals exist they are equal. Proofs of this can
be found in [?], [?] or [?]. This chapter contains an alternative proof
of this result. This proof is due to Peter Lax. Our version of his
proof in §3.5 below makes use of the theory of differential forms;
but, as Lax shows in the article [?] (which we strongly recommend as
collateral reading for this course), references to differential forms can
be avoided, and the proof described in§3.5 can be couched entirely
in the language of elementary multivariable calculus.

The virtue of Lax’s proof is that is allows one to prove a version
of the change of variables theorem for other mappings besides dif-
feomorphisms, and involves a topological invariant, the degree of a
mapping, which is itself quite interesting. Some properties of this in-
variant, and some topological applications of the change of variables
formula will be discussed in §3.6 of these notes.

Remark 3.1.1. The proof we are about to describe is somewhat
simpler and more transparent if we assume that f is a C* diffeo-
morphism. We’ll henceforth make this assumption.
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3.2 The Poincaré lemma for compactly supported forms
on rectangles

Let v be a k-form on R™. We define the support of v to be the closure
of the set

{r eR", v, #0}

and we say that v is compactly supported if supp v is compact. We
will denote by QF(R™) the set of all C** k-forms which are compactly
supported, and if U is an open subset of R™, we will denote by
ng (U) the set of all compactly supported k-forms whose support is
contained in U .

Let w = fdz1 A --- Adx, be a compactly supported n-form with
f € C°(R™). We will define the integral of w over R":

[

to be the usual integral of f over R"

fdx.
R

(Since f is C*° and compactly supported this integral is well-defined.)
Now let Q) be the rectangle

[al,bl] X oo X [an,bn] .

The Poincaré lemma for rectangles asserts:

Theorem 3.2.1. Let w be a compactly supported n-form, with suppw C
Int Q. Then the following assertions are equivalent:

a. Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp p C
Int Q satisfying dy = w.

We will first prove that (b)=( a). Let

n
u:Zfidxl/\.../\dw,-/\.../\d:cn,

i=1
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(the “hat” over the dz; meaning that dx; has to be omitted from the
wedge product). Then

dp = Z(—l)i_l%d:ﬂl AN dxy,
i=1 v

and to show that the integral of du is zero it suffices to show that
each of the integrals

of

is zero. By Fubini we can compute (2.1); by first integrating with
respect to the variable, x;, and then with respect to the remaining
variables. But

of

a—scidxi = f(x)

since f; is supported on U.

We will prove that (a) = (b) by proving a somewhat stronger
result. Let U be an open subset of R”. We’ll say that U has property
P if every form, w € Q™ (U) whose integral is zero in d Q™1 (U).

We will prove

Theorem 3.2.2. Let U be an open subset of R*™ 1 and A C R an
open interval. Then if U has property P, U x A does as well.

r;=b;

=0

Ti=a;

Remark 3.2.3. It’s very easy to see that the open interval A itself
has property P. (See exercise 1 below.) Hence it follows by induction
from Theorem 8.2.2 that

IIth:A1X"'XAn, AZ:(CLZ,I)Z)
has property P, and this proves “(a) = (b)”.

To prove Theorem 3.2.2 let (x,t) = (x1,...,2,—1,t) be product
coordinates on U x A. Given w € QU x A) we can express w
as a wedge product, dt A o with a« = f(z,t)dz; A --- A drp—1 and
feCP(U x A). Let § € Q7 1(U) be the form

(3.2.1) o </A Flat) dt) duy Aeee Adzy .

Then
/ 0= f(:n,t)dmdt:/ w
Rnfl Rn n
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so if the integral of w is zero, the integral of 8 is zero. Hence since U
has property P, 3 = dv for some v € Q?~1(U). Let p € C*(R) be a
bump function which is supported on A and whose integral over A
is one. Setting

k=—p(t)dt Nv

we have
de = pt)dt N dv = p(t)dt NG,
and hence
w—drk = dtN(a—pt)0)=dt Nu(z,t)dzy N+ N drp—1
where

u(et) = fla.t) - plt) /A fatydt

by (3.2.1). Thus

(3.2.2) /u(m,t) dt =0.

Let a and b be the end points of A and let

(3.2.3) v(x,t):/ i(x,s)ds.

By (3.2.2) v(a,z) = v(b,z) =0, so v is in C§°(U x A) and by (3.2.3),
0v /0t = u. Hence if we let v be the form, v(z,t)dxy A -+ A dxy_1,
we have:

dy = wu(z,t)deA---Ndry_1 =w—dk

and

w = dv+~k).

Since v and k are both in Q2 YU x A) this proves that w is in
dQn~YU x A) and hence that U x A has property P.

Exercises for §3.2.

1. Let f : R — R be a compactly supported function of class
C" with support on the interval, (a,b). Show that the following are
equivalent.
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(a) [ f(x)da=0.
(b) There exists a function, g : R — R of class C"*! with support
on (a,b) with g—g = f.

Hint: Show that the function

o) = [ fds

is compactly supported.

2. Let f = f(x,y) be a compactly supported function on R¥ x R¢
with the property that the partial derivatives

of
81‘2'

(x,y),i=1,...,k,

and are continuous as functions of x and y. Prove the following “dif-
ferentiation under the integral sign” theorem (which we implicitly
used in our proof of Theorem 3.2.2).

Theorem 3.2.4. The function

ﬂ@=/f@wﬂy

is of class C' and

09 iy — [ 21

Hints: For y fixed and h € R,

fl(x + hvy) - fi(x7y) = Dxfz(c)h

for some point, ¢, on the line segment joining x to x + c¢. Using the
fact that D, f is continuous as a function of  and y and compactly
supported, conclude:

Lemma 3.2.5. Given e > 0 there exists a 6 > 0 such that for |h| < &

[f(z+h,y) = f(z,y) — Def(z,c)h| < €lh].
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Now let Q C R’ be a rectangle with supp f € R* x Q and show
that

9z + h) — g(a) - ( [ sty dy) bl < evol (@)[h].

Conclude that g is differentiable at = and that its derivative is
/Dxf(wvy) dy .

3. Let f: RF x R — R be a compactly supported continuous
function. Prove

Theorem 3.2.6. If all the partial derivatives of f(x,y) with respect
to x of order < r exist and are continuous as functions of x and y
the function

9(x) Z/f(wjy) dy
1s of class C".
4. Let U be an open subset of R"™!, A C R an open interval
and (z,t) product coordinates on U x A. Recall (§2.2) exercise 5)
that every form, w € QF(U x A), can be written uniquely as a sum,

w = dt \Na+ 3 where o and 3 are reduced, i.e., don’t contain a factor
of dt.

(a) Show that if w is compactly supported on U x A then so are
o and (.

(b) Let o = Z fr(x,t)dzxr. Show that the form
I

(3.2.4) 1= < / i) dt> doy
7 \Ja
is in QF-1(U).
(c) Show that if dw = 0, then df = 0. Hint: By (3.2.4)
0
o = Z( Aaili(m,t)dt> dz; A drg

%

= /A(dUa) dt

dg
27 -
and by (?7?) dya e
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5. In exercise 4 show that if @ is in d Q*~1(U) then w is in d QF(U).
Hints:

(a) Let 6 = dv, with v = Q¥ 2(U) and let p € C*®°(R) be a bump
function which is supported on A and whose integral over A is
one. Setting k = —p(t) dt A\ v show that

w—dk = dtAN(a—p(t)d)+p
= dtA O ur(x,t)dsr) + 8
I

where

wr(e,t) = frla,t) - p(t) /A fra. 1y dt

(b) Let a and b be the end points of A and let

vr(x,t) = /t ur(x,t)dt.

Show that the form > wr(x,t)dzs is in Q¥~1(U x A) and that
dy=w—dr— 0 —dy~.

(c) Conclude that the form w — d(k + ) is reduced.
(d) Prove: If A € QF(U x A) is reduced and d\ = 0 then A = 0.
Hint: Let A = )" gr(x,t) dey. Show that dA = 0 = %g[(iﬂ,t) =0

and exploit the fact that for fixed z, gr(x,t) is compactly sup-
ported in t.

6. Let U be an open subset of R™. We'll say that U has property
Py, for k < n, if every closed k-form, w € QF(U), is in d QF~1(U).
Prove that if the open set U C R™! in exercise 3 has property P
then so does U x A.

7. Show that if @ is the rectangle [a1,b1] X - -+ X [ay,b,] and U =
Int @) then u has property Pg.

8.  Let H" be the half-space

(3.2.5) {(x1,...,2n); x1 <0}
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and let w € Q7 (R) be the n-form, fdxiA---A dx, with f € C5°(R").
Define:

(3.2.6) / w= flxy,. .. xp)dzy -+ dxy,
n Hn

where the right hand side is the usual Riemann integral of f over
H"™. (This integral makes sense since f is compactly supported.) Show
that if w = du for some p € Q7 1(R"™) then

(3.2.7) / w:/ Y
n Rn—1

where ¢ : R*™1 — R™ is the inclusion map
(X2, .. yxn) — (0,29, ...,2p) .

Hint: Let p = Y, fidzy A Jx\l -+« A dx,. Mimicking the “(b) =
(a)” part of the proof of Theorem 3.2.1 show that the integral (3.2.6)
is the integral over R”~! of the function

0
. Z—Q(wl,xg,...,:cn)dxl .

3.3 The Poincaré lemma for compactly supported forms
on open subsets of R"

In this section we will generalize Theorem 3.2.1 to arbitrary con-
nected open subsets of R".

Theorem 3.3.1. Let U be a connected open subset of R™ and let w
be a compactly supported n-form with suppw C U. The the following
assertions are equivalent,

a. Jw=0.

b. There exists a compactly supported (n—1)-form, u, with supp p C
U and w = du.

Proof that (b) = (a). The support of p is contained in a large
rectangle, so the integral of du is zero by Theorem 3.2.1.
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Proof that (a) = (b): Let w; and wy be compactly supported n-
forms with support in U. We will write

w1 ~Y Wy

as shorthand notation for the statement: “There exists a compactly
supported (n—1)-form, p, with support in U and with wi—wy = du.”,
We will prove that (a) = (b) by proving an equivalent statement:
Fix a rectangle, Qg C U and an n-form, wg, with suppwy C Qg and
integral equal to one.

Theorem 3.3.2. If w is a compactly supported n-form with suppw C
U and c = [w then w ~ cwy.

Thus in particular if ¢ = 0, Theorem 3.3.2 says that w ~ 0 proving
that (a) = (b).

To prove Theorem 3.3.2 let Q); C U, =1,2,3,..., be a collection
of rectangles with U = Ulnt @); and let ¢; be a partition of unity
with supp ¢; C Int Q;. Replacing w by the finite sum > g;w, m
large, it suffices to prove Theorem 3.3.2 for each of the summands
p;w. In other words we can assume that suppw is contained in one
of the open rectangles, Int ();. Denote this rectangle by ). We claim
that one can join Q) to @ by a sequence of rectangles as in the figure
below.

Qo

Lemma 3.3.3. There exists a sequence of rectangles, R;, i =0,...,
N + 1 such that Ry = Qo, Ry+1 = @ and Int R; N Int R; 1 is non-
empty.

Proof. Denote by A the set of points, x € U, for which there exists a
sequence of rectangles, R;, i1 =0,...,N +1 with Ry = Qq, with = €
Int Ry41 and with Int R; N Int R;41 non-empty. It is clear that this

113
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set is open and that its complement is open; so, by the connectivity
of U, U = A. O

To prove Theorem 3.3.2 with suppw C @, select, for each i, a
compactly supported n-form, v;, with suppy; C Int R; N Int R; 4
and with f v; = 1. The difference, v; — v;41 is supported in Int R;11,
and its integral is zero; so by Theorem 3.2.1, v; ~ v;41. Similarly,
wo ~ v and, if ¢ = [w, w ~ cvy. Thus

Cwg ~ ClVg~ -+~ CUN =W

proving the theorem.

3.4 The degree of a differentiable mapping

Let U and V be open subsets of R” and R¥. A continuous mapping,
f:U — V,is proper if, for every compact subset, B, of V., f~1(B) is
compact. Proper mappings have a number of nice properties which
will be investigated in the exercises below. One obvious property
is that if f is a C*° mapping and w is a compactly supported k-
form with support on V, f*w is a compactly supported k-form with
support on U. Our goal in this section is to show that if U and V
are connected open subsets of R™ and f : U — V is a proper C*
mapping then there exists a topological invariant of f, which we
will call its degree (and denote by deg(f)), such that the “change of
variables” formula:

(3.4.1) /U Frw = deg(f) /V w

holds for all w € Q2 (V).
Before we prove this assertion let’s see what this formula says in
coordinates. If

w=p(y)dyr A Adyn
then at x €¢ U

ffw=(po f)(x)det(Df(x))dwy A+ ANdxy;

so, in coordinates, (3.4.1) takes the form

(3.42) /V o(y) dy = deg(f) /U oo [(x)det(Df(x)) dz.
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Proof of 8.4.1. Let wy be an n-form of compact support with supp wg
C V and with [wy = 1. If we set deg f = [;; f*wo then (3.4.1) clearly
holds for wy. We will prove that (3.4.1) holds for every compactly
supported n-form, w, with suppw C V. Let ¢ = fv w. Then by
Theorem 3.1 w—cwgy = du, where p is a completely supported (n—1)-
form with suppu C V. Hence

ffw—cffwo= frdp=dfu,

and by part (a) of Theorem 3.1

[ rame [ ran-auis) [ o

We will show in § 3.6 that the degree of f is always an integer
and explain why it is a “topological” invariant of f. For the moment,
however, we’ll content ourselves with pointing out a simple but useful
property of this invariant. Let U, V and W be connected open subsets
of R"and f:U — V and g : V — W proper C* mappings. Then

(3.4.3) deg(g o f) = deg(g) deg(f) .

Proof. Let w be a compactly supported n-form with support on W.
Then

O

(go flw=g"f'w;

SO

[aore = [ g = desto) [ 1
— degly)deg(1) [ .

w
O
From this multiplicative property it is easy to deduce the following
result (which we will need in the next section).

Theorem 3.4.1. Let A be a non-singular n X n matriz and fa :
R™ — R™ the linear mapping associated with A. Then deg(fa) = +1
if det A is positive and —1 if det A is negative.

A proof of this result is outlined in exercises 5-9 below.
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Exercises for §3.4.

1.  Let U be an open subset of R” and ¢;, 7 = 1,2, 3,..., a partition
of unity on U. Show that the mapping, f : U — R defined by

= ke
k=1

is a proper C*° mapping.

2. Let U and V be open subsets of R” and R and let f: U — V
be a proper continuous mapping. Prove:

Theorem 3.4.2. If B is a compact subset of V and A = f~1(B)
then for every open subset, Uy, with A C Uy C U, there exists an
open subset, Vo, with B C Vo CV and f~1(Vp) C Up.

Hint: Let C be a compact subset of V' with B C Int C'. Then the
set, W = f~1(C) — Uy is compact; so its image, f(W), is compact.
Show that f(WW) and B are disjoint and let

Vo=IntC — f(W).
3. Show that if f : U — V is a proper continuous mapping and X

is a closed subset of U, f(X) is closed.

Hint: Let Uy = U — X. Show that if p is in V — f(X), f~1(p) is
contained in Uy and conclude from the previous exercise that there
exists a neighborhood, Vp, of p such that f~!(1}) is contained in Uy.
Conclude that V and f(X) are disjoint.

4. Let f: R™ — R"” be the translation, f(z) = x + a. Show that
deg(f) =1.

Hint: Let ¢ : R — R be a compactly supported C*° function. For
a € R, the identity

(3.4.4) / W(t) dt = / W(t — a)dt

is easy to prove by elementary calculus, and this identity proves the
assertion above in dimension one. Now let

(3.4.5) p(x) =(x1). .. o(2n)

and compute the right and left sides of (3.4.2) by Fubini’s theorem.
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5. Let o be a permutation of the numbers, 1,...,n and let f, :
R™ — R" be the diffeomorphism, f,(z1,...,70) = (T5(1), -+ Ton))-
Prove that deg f, = sgn(o).

Hint: Let ¢ be the function (3.4.5). Show that if w is equal to
o(x)dxy A+ Ndxy, ffw = (sgno)w.

6. Let f:R™ — R" be the mapping
flxe,... xn) = (21 + Axo, @, ..., Xy).

Prove that deg(f) = 1.

Hint: Let w = p(x1,...,2y)dx1 A ... A dx, where ¢ : R" — R is
compactly supported and of class C*°. Show that

/f*w:/cp(wl+)\w2,x2,...,xn)dw1...d:ﬁn

and evaluate the integral on the right by Fubini’s theorem; i.e., by
first integrating with respect to the x; variable and then with respect
to the remaining variables. Note that by (3.4.4)

/f(wl—i—)\xg,xg,...,arn)dwl:/f(wl,xg,...,arn)dxl.

7. Let f:R™ — R" be the mapping

flz1,... xn) = (A\x1, 29, ..., )

with A # 0. Show that deg f = +1 if X is positive and —1 if A is
negative.

Hint: In dimension 1 this is easy to prove by elementary calculus
techniques. Prove it in d-dimensions by the same trick as in the
previous exercise.

8. (a) Letey,..., e, be the standard basis vectors of R™ and A,
B and C the linear mappings

Ae; = e, Ae = Zamej, i>1
J

(3.4.6) Be; = e, i>1, Bei=)Y bje
j=1

Cer = e, Ce=e€;+ce, i>1.
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Show that
BACq = Z bjej
and
BACe; = Z = (aj,i + cibj)e]- + ¢;b1eq
J
for i > 1.

(b)
(347) Lei = Zﬁj’iej’ 1= 1,...,1’L.
j=1

Show that if ¢1 1 # 0 one can write L as a product, L = BAC, where
A, B and C are linear mappings of the form (3.4.6).

Hint: First solve the equations

i1 = b;
for j =1,...,n, then the equations
Ui = bic

for ¢ > 1, then the equations
bji = aji +cibj

for 4,5 > 1.

(¢c) Suppose L is invertible. Conclude that A, B and C are invertible
and verify that Theorem 3.4.1 holds for B and C' using the previous
exercises in this section.

(d) Show by an inductive argument that Theorem 3.4.1 holds for
A and conclude from (3.4.3) that it holds for L.

9.  To show that Theorem 3.4.1 holds for an arbitrary linear map-
ping, L, of the form (3.4.7) we’ll need to eliminate the assumption:
¢11 # 0. Show that for some j, £;1 is non-zero, and show how to
eliminate this assumption by considering f, o L where o is the trans-
position, 1 < j.
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10. Here is an alternative proof of Theorem 4.3.1 which is shorter
than the proof outlined in exercise 9 but uses some slightly more
sophisticated linear algebra.

(a) Prove Theorem 3.4.1 for linear mappings which are orthogonal,
i.e., satisfy L'L = I.

Hints:
i.  Show that L*(23 + -+ +22) =%+ - + 2.
ii.  Show that L*(dzq A --- A dzy) is equal to dzq A -+ A dxy, or
—dx1 A -+ - A dx, depending on whether L is orientation preserving
or orinetation reversing. (See § 1.2, exercise 10.)
iii. Let ¢ be as in exercise 4 and let w be the form

w=vY@? 4+ ai)dey A A day, .

Show that L*w = w if L is orientation preserving and L*w = —w if
L is orientation reversing.

(b) Prove Theorem 3.4.1 for linear mappings which are self-adjoint
(satisfy L' = L). Hint: A self-adjoint linear mapping is diagonizable:
there exists an intervertible linear mapping, M : R™ — R"” such that

(3.4.8) M™YLMe; = Nje;, i=1,...,n.

(¢) Prove that every invertible linear mapping, L, can be written

as a product, L. = BC where B is orthogonal and C is self-adjoint.
Hints:

i Show that the mapping, A = L'L, is self-adjoint and that it’s

eigenvalues, the \;’s in 3.4.8, are positive.

ii.  Show that there exists an invertible self-adjoint linear mapping,

C, such that A = C? and AC = CA.

iii. Show that the mapping B = LC~! is orthogonal.

3.5 The change of variables formula

Let U and V be connected open subsets of R™. If f : U — V is a
diffeomorphism, the determinant of D f(x) at « € U is non-zero, and
hence, since it is a continuous function of z, its sign is the same at
every point. We will say that f is orientation preserving if this sign
is positive and orientation reversing if it is negative. We will prove
below:
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Theorem 3.5.1. The degree of f is +1 if f is orientation preserving
and —1 if f is orientation reversing.

We will then use this result to prove the following change of vari-
ables formula for diffeomorphisms.

Theorem 3.5.2. Let ¢ : V — R be a compactly supported continu-
ous function. Then

(3.5.1) /U oo [()] det(Df)(x)] = /V o) dy.

Proof of Theorem 3.5.1. Given a point, a; € U, let ag = —f(aq) and
for i = 1,2, let g; : R™ — R” be the translation, g;(x) = x + a;. By
(3.4.1) and exercise 4 of § 4 the composite diffeomorphism

(3.5.2) g20foq

has the same degree as f, so it suffices to prove the theorem for this
mapping. Notice however that this mapping maps the origin onto
the origin. Hence, replacing f by this mapping, we can, without loss
of generality, assume that 0 is in the domain of f and that f(0) = 0.

Next notice that if A : R™ — R"™ is a bijective linear mapping the
theorem is true for A (by exercise 9 of § 3.4), and hence if we can
prove the theorem for A=1 o f, (3.4.1) will tell us that the theorem
is true for f. In particular, letting A = D f(0), we have

D(A™ o £)(0) = AT'Df(0) =T

where I is the identity mapping. Therefore, replacing f by A7'f,
we can assume that the mapping, f, for which we are attempting to
prove Theorem 3.5.1 has the properties: f(0) = 0 and Df(0) = I.
Let g(z) = f(x) — . Then these properties imply that g(0) = 0 and
Dg(0) = 0.

O

Lemma 3.5.3. There exists a § > 0 such that |g(z)| < i|z| for
|x] <6.

Proof. Let g(x) = (¢1(z),...,gn(x)). Then

99
81’ 5

(0) =0;
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so there exists a § > 0 such that

892' 1
< Z
al‘j (l‘)' -2

for |x| < 0. However, by the mean value theorem,
=Yg
8%

for ¢ = tox, 0 < tg < 1. Thus, for |z| < 4,

1
9:(@)] < 5 5up o] =

9 ||,
SO 1
l9(2)| = sup |gi(2)| < 3 [2].
O
Let p be a compactly supported C*° function with 0 < p < 1
and with p(x) = 0 for |z| > 0 and p(z) = 1 for |z| < g and let

]7: R™ — R" be the mapping

(3.5.3) f@) =2+ p(x)g(z).
It’s clear that

(3.5.4) f(z) =z for |z| > 6

and, since f(x) =z + g(x),

l\?lQ':

(3.5.5) f(@) = f(x) for |a] <
In addition, for all z € R™:

~ 1
(350 F)l 2 L ol
Indeed, by (3.5.4), | f(z)| > |z| for |z| > 6, and for |z < 6

@) =l = p(a)lg(x)]
1

1
> ol — lg(@)| 2 lal - 5 lol = 5 ||

V
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by Lemma 3.5.3.
Now let Q, be the cube, {z € R", |z| < r}, and let Q¢ = R"— Q,..
From (3.5.6) we easily deduce that

(3.5.7) F7HQ) € Qar

for all 7, and hence that fis proper. Also notice that for z € Qy,

3
[f(@)] < |z] +g(2)] < 5 |a]
by Lemma 3.5.3 and hence
(3.5.8) F7H(Q5,) € Q5.

We will now prove Theorem 3.5.1. Since f is a diffeomorphism
mapping 0 to 0, it maps a neighborhood, Uy, of 0 in U diffeomor-
phically onto a neighborhood, V{, of 0 in V', and by shrinking Uy if
necessary we can assume that Up is contained in Qs/5 and Vp con-
tained in Qs/4. Let w be an n-form with support in Vj whose integral
over R™ is equal to one. Then f*w is supported in Uy and hence in
Q5/2- Also by (3.5.7) f*w is supported in Qs/5. Thus both of these

forms are zero outside Q;/5. However, on Qs s, f: f by (3.5.5), so
these forms are equal everywhere, and hence

deg(f) = [ £ = [ Fo—des(h).

Next let w be a compactly supported n-form with support in Q% /2

and with integral equal to one. Then f*w is supported in Qf by
(3.5.8), and hence since f(z) =z on Q§ f*w = w. Thus

deg(f) = [ fro= [w=1.

Putting these two identities together we conclude that deg(f)=1.
Q.E.D.

If the function, ¢, in Theorem 3.5.2 is a C*° function, the iden-
tity (3.5.1) is an immediate consequence of the result above and the
identity (3.4.2). If ¢ is not C*°, but is just continuous, we will deduce
Theorem 3.5.2 from the following result.
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Theorem 3.5.4. Let V be an open subset of R™. If p : R™ — R is
a continuous function of compact support with suppy C V; then for
every € > 0 there exists a C® function of compact support, i : R" —
R with suppy CV and

sup [¢(x) — p(x)| <e.

Proof. Let A be the support of ¢ and let d be the distance in the
sup norm from A to the complement of V. Since ¢ is continuous and
compactly supported it is uniformly continuous; so for every € > 0
there exists a § > 0 with § < ¢ such that |p(z) — ¢(y)| < € when
|z —y| < d. Now let @ be the cube: |z] < ¢ and let p: R™ — R be a
non-negative C* function with suppp C @) and

(3.5.9) /p(y) dy =1.
Set
(z) = / oy — )(y) dy.

By Theorem 3.2.5 1 is a C*° function. Moreover, if As is the set of
points in R whose distance in the sup norm from A is < § then for
x ¢ Asand y € A, |z —y| > d and hence p(y — z) = 0. Thus for
ZT ¢ A(g

/p(y —x)p(y)dy = /Ap(y —x)p(y)dy =0,

. . d
so ¢ is supported on the compact set As. Moreover, since § < g,

supp v is contained in V. Finally note that by (3.5.9) and exercise 4
of §3.4:

(3.5.10) / ply — ) dy = / ply)dy =1

and hence

p(r) = / o(x)p(y — =) dy

SO

o(x) — h(x) = / (@) — o())ply — 2) dy

and
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o(z) — ()] < / () — ()| ply — z) dy

But p(y —x) = 0 for [x—y| > &; and |p(x) —¢(y)| < € for [z —y| <9,
so the integrand on the right is less than

€ / ply —x)dy,
and hence by (3.5.10)

o(z) — ()] <.
O

To prove the identity (3.5.1), let v : R" — R be a C* cut-off
function which is one on a neighborhood, V7, of the support of ¢, is
non-negative, and is compactly supported with supp~y C V, and let

c=/’y(y)dy-

By Theorem 3.5.4 there exists, for every ¢ > 0, a C* function 1,
with support on V; satisfying

(3.5.11) lo — ] < 5 -
Thus

[e-vwa| < [ le-viwa
< /Vvlso—wl(fﬁy)dy

< i/’y(y)dygg

(35.12) | [ etwan— [ vwas] <5.

Similarly, the expression

‘/U(so—w) Of($)|deth(1;)|dx‘
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is less than or equal to the integral

[ e f@lte =)o f(a) | et Df @) o

and by (3.5.11), [(¢ — %) o f(z)| < 5, so this integral is less than or
equal to

vo f(x)|det Df(z)| dx

€

and hence by (3.5.1) is less than or equal to §. Thus
(3.5.13)
(/900 )| det D (x |d1:—/¢o 2)| det Df (z)| dx

€
z| < 5.

Combining (3.5.12), (3.5.13) and the identity

/w dy—/wo )| det D f(z)|dx
we get, for all € > 0,
(/cp(y)dy—/cpof(a:)ydeth(;c)m;c <e
\4 U

and hence

/w(y)dyz/goof(:n)ydeth(m)mx.

Exercises for §3.5

1. Let h: V — R be a non-negative continuous function. Show
that if the improper integral

/V h(y) dy

is well-defined, then the improper integral

/ ho f(x)|det Df(z)|dx
U

is well-defined and these two integrals are equal.
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Hint: If ¢;, i = 1,2,3,... is a partition of unity on V then ¢; =
@; o f is a partition of unity on U and

[y = [witho fap)aet D) da.
Now sum both sides of this identity over 1.

2. Show that the result above is true without the assumption that
h is non-negative.

Hint: h = hy — h_, where hy = max(h,0) and h_ = max(—h,0).

3. Show that, in the formula (3.4.2), one can allow the function,
©, to be a continuous compactly supported function rather than a
C*° compactly supported function.

4. Let H” be the half-space (??) and U and V open subsets of
R™. Suppose f : U — V is an orientation preserving diffeomorphism
mapping U NH" onto V N H". Show that for w € Q2 (V)

(3.5.14) / [fw= / w.
UNH? VH"

Hint: Interpret the left and right hand sides of this formula as im-
proper integrals over U N Int H” and V' N Int H".

5. The boundary of H" is the set
bH" = {(0,x2,...,25), (x2,...,2,) € R"}
so the map
iRYY S HY, (29, ,3,) — (0,20, .., 2,)
in exercise 9 in §3.2 maps R"~! bijectively onto bH".

(a) Show that the map f:U — V in exercise 4 maps U NbH"
onto V N bH".

(b) Let U' =:=Y(U) and V' = t=}(V). Conclude from part (a)
that the restriction of f to U NbH" gives one a diffeomorphism

g:U =V
satisfying:
(3.5.15) t-g=1f-t.
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(c) Let p be in Q7?1 (V). Conclude from (3.2.7) and (3.5.14):

(3.5.16) /g*L*,u:/ e

and in particular show that the diffeomorphism, g : U" — V’,
is orientation preserving.

3.6 Techniques for computing the degree of a mapping

Let U and V' be open subsets of R™ and f : U — V a proper C*®
mapping. In this section we will show how to compute the degree
of f and, in particular, show that it is always an integer. From this
fact we will be able to conclude that the degree of f is a topological
invariant of f: if we deform f smoothly, its degree doesn’t change.

Definition 3.6.1. A point, x € U, is a critical point of f if the

derivative
Df(z): R" - R"

fails to be bijective, i.e., if det(Df(z)) = 0.

We will denote the set of critical points of f by C. It’s clear from
the definition that this set is a closed subset of U and hence, by
exercise 3 in §3.4, f(Cy) is a closed subset of V. We will call this
image the set of critical values of f and the complement of this image
the set of regular values of f. Notice that V' — f(U) is contained in
f — f(Cy), so if a point, g € V is not in the image of f, it’s a
regular value of f “by default”, i.e., it contains no points of U in
the pre-image and hence, a fortiori, contains no critical points in its
pre-image. Notice also that C'y can be quite large. For instance, if ¢ is
a point in V and f : U — V is the constant map which maps all of U
onto ¢, then Cy = U. However, in this example, f(Cf) = {c}, so the
set of regular values of f is V — {c}, and hence (in this example) is
an open dense subset of V. We will show that this is true in general.

Theorem 3.6.2. (Sard’s theorem.)
If U and V are open subsets of R"™ and f : U — V a proper C*
map, the set of regular values of f is an open dense subset of V.

We will defer the proof of this to Section 3.7 and, in this section,
explore some of its implications. Picking a regular value, ¢, of f we
will prove:
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Theorem 3.6.3. The set, f~1(q) is a finite set. Moreover, if f ~1(q) =
{p1,...,pn} there exist connected open neighborhoods, U;, of p; in' Y’
and an open neighborhood, W, of q in V' such that:

i.  fori# 35 U; and Uj are disjoint;

i fTW)=UU,

is.  f maps U; diffeomorphically onto W.

Proof. If p € f~1(q) then, since q is a regular value, p ¢ Cy; so
Df(p): R - R"

is bijective. Hence by the inverse function theorem, f maps a neigh-
borhood, U, of p diffeomorphically onto a neighborhood of ¢g. The
open sets

{Up, pef e}
are a covering of f~1(q); and, since f is proper, f~!(q) is compact;
so we can extract a finite subcovering

{U,,, i=1,...,N}

and since p; is the only point in U,, which maps onto ¢, f~1(q) =
{pb s 7pN}

Without loss of generality we can assume that the U,,,’s are disjoint
from each other; for, if not, we can replace them by smaller neighbor-
hoods of the p;’s which have this property. By Theorem 3.4.2 there
exists a connected open neighborhood, W, of ¢ in V' for which

fw) c UUpi .
To conclude the proof let U; = f~1(W) N U,,.
O

The main result of this section is a recipe for computing the de-
gree of f by counting the number of p;’s above, keeping track of
orientation.

Theorem 3.6.4. For eachp; € f~1(q) let op, = +1if f : U; — W is
orientation preserving and —1 if f : U; — W is orientation reversing.
Then

N
(3.6.1) deg(f) = > op, .
=1
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Proof. Let w be a compactly supported n-form on W whose integral

is one. Then N
d = w = *w.
c&(f) = [ 1 ;/Uifw

Since f : U; — W is a diffeomorphism

/f*w::t/ w=+lor —1
U; 1%

depending on whether f : U; — W is orientation preserving or not.
Thus deg(f) is equal to the sum (3.6.1).
O

As we pointed out above, a point, ¢ € V can qualify as a regular
value of f “by default”, i.e., by not being in the image of f. In this
case the recipe (3.6.1) for computing the degree gives “by default”
the answer zero. Let’s corroborate this directly.

Theorem 3.6.5. If f: U — V isn’t onto, deg(f) = 0.
Proof. By exercise 3 of §3.4, V — f(U) is open; so if it is non-empty,
there exists a compactly supported n-form, w, with support in V' —

f(U) and with integral equal to one. Since w = 0 on the image of f,
ffw=0;s0

0= /U frw = deg(f) /V w = deg(f).

g

Remark: In applications the contrapositive of this theorem is much
more useful than the theorem itself.
Theorem 3.6.6. If deg(f) # 0 f maps U onto V.

In other words if deg(f) # 0 the equation

(3.6.2) f@)=y

has a solution, = € U for every y € V.

We will now show that the degree of f is a topological invariant of
f:if we deform f by a “homotopy” we don’t change its degree. To
make this assertion precise, let’s recall what we mean by a homotopy
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between a pair of C>° maps. Let U be an open subset of R™, V' an
open subset of R, A an open subinterval of R containing 0 and 1, and
fi: U=V, i=0,1,C*® maps. Then aC*® map F: U x A — V is a
homotopy between fy and f; if F'(z,0) = fo(z) and F(z,1) = fi(x).
(See Definition ??.) Suppose now that fy and f; are proper.

Definition 3.6.7. F' is a proper homotopy between fo and fi if the
map

(3.6.3) FP.UxA—-VxA

mapping (x,t) to (F(x,t),t) is proper.
Note that if F' is a proper homotopy between fy and fi, then for
every t between 0 and 1, the map
fe: U=V, fi(z) = Fy(r)
is proper.
Now let U and V be open subsets of R"™.

Theorem 3.6.8. If fy and f1 are properly homotopic, their degrees
are the same.

Proof. Let
w=y)dyt A+ A dyn

be a compactly supported n-form on X whose integral over V is 1.
The the degree of f; is equal to

(3.6.4) /U O(FL(2,1), .. Fy(a,£)) det Dy F(z, 1) dz .

The integrand in (3.6.4) is continuous and for 0 < ¢ < 1 is supported
on a compact subset of U x [0, 1], hence (3.6.4) is continuous as a
function of t. However, as we've just proved, deg( f¢) is integer valued
so this function is a constant. O

(For an alternative proof of this result see exercise 9 below.) We'll
conclude this account of degree theory by describing a couple appli-
cations.

Application 1. The Brouwer fixed point theorem
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Let B™ be the closed unit ball in R":
{r eR", ||z|]| < 1}.

Theorem 3.6.9. If f : B™ — B"™ is a continuous mapping then f
has a fized point, i.e., maps some point, xg € B™ onto itself.

The idea of the proof will be to assume that there isn’t a fixed
point and show that this leads to a contradiction. Suppose that for
every point, z € B" f(z) # z. Consider the ray through f(x) in the
direction of x:

f@)+s(x— f(z)), 0<s< .

This intersects the boundary, S"~!, of B™ in a unique point, (),
(see figure 1 below); and one of the exercises at the end of this section
will be to show that the mapping v : B® — S" !, — 7(z), is a
continuous mapping. Also it is clear from figure 1 that v(x) = x if
x € S" 1 so we can extend ~ to a continuous mapping of R” into
R™ by letting v be the identity for ||z|| > 1. Note that this extended
mapping has the property

(3.6.5) [v(z)] > 1
for all x € R™ and
(3.6.6) v(z) =2

for all ||z|| > 1. To get a contradiction we’ll show that v can be
approximated by a C* map which has similar properties. For this
we will need the following corollary of Theorem 3.5.4.

Lemma 3.6.10. Let U be an open subset of R™, C a compact subset
of U and ¢ : U — R a continuous function which is C*° on the
complement of C. Then for every € > 0, there exists a C> function,
Y : U — R, such that ¢ — 1) has compact support and |p — | < €.

Proof. Let p be a bump function which is in C§°(U) and is equal to
1 on a neighborhood of C. By Theorem 3.5.4 there exists a function,

o € C°(U) such that |pp —1)p| < €. Let ¢ = (1 — p)¢ + 1o, and
note that

p—t = (1—=plp+pp—(1—p)p—1h
= py—o.
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By applying this lemma to each of the coordinates of the map, ~,
one obtains a C* map, g : R — R such that

(3.6.7) lg =7l <e<1

and such that ¢ = v on the complement of a compact set. How-
ever, by (3.6.6), this means that g is equal to the identity on the
complement of a compact set and hence (see exercise 9) that g is
proper and has degree one. On the other hand by (3.6.8) and (3.6.6)
llg(x)|| > 1—e€for all z € R™, so 0 ¢ Im g and hence by Theorem 3.6.4,
deg(g) = 0. Contradiction.

O

y(x)

Figure 3.6.1.

Application 2. The fundamental theorem of algebra

Let p(2) = 2" +a,_12" "' +---+a12+ag be a polynomial of degree
n with complex coefficients. If we identify the complex plane

C={z=2+iy;z,y eR}

with R? via the map, (z,y) € R? — z = x + iy, we can think of p as
defining a mapping

p:R? S R% 2 — p(2).
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We will prove
Theorem 3.6.11. The mapping, p, is proper and deg(p) = n.
Proof. Fort € R

pi(z) = (1—1)2" +1tp(z)
n—1 .
= 2"+t Z a; 2t .
i=0
We will show that the mapping
g:Rx RS R2, 2z — p(2)
is a proper homotopy. Let
C =sup{lai|,i=0,...,n—1}.
Then for |z]| > 1

'l laol +larlzl + -+ + an—|[2]" ™

C’Z|n_1 7

lag + -+ + an—12""| <
<

and hence, for |t| < a and |z| > 2aC),

|| — aClz|" ™!

pe(2)] =
> aClz|" ',

If A is a compact subset of C then for some R > 0, A is contained
in the disk, |w| < R and hence the set

{z €C, (p(2),t) € A X [—a,al}
is contained in the compact set
{zeC,aClz|" ! < R},

and this shows that ¢ is a proper homotopy. Thus each of the map-
pings,

p:C—C,
is proper and deg p; = degp; = degp = degpy. However, pg : C — C
is just the mapping, z — 2" and an elementary computation (see

exercises 5 and 6 below) shows that the degree of this mapping is n.
O
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In particular for n > 0 the degree of p is non-zero; so by Theo-
rem 3.6.4 we conclude that p : C — C is surjective and hence has
zero in its image.

Theorem 3.6.12. (fundamental theorem of algebra)
FEvery polynomial,

1

p(z) =2"+ap12""" +---+ag,

with complex coefficients has a complex root, p(zo) = 0, for some
zp € C.

Exercises for §3.6

1. Let W be a subset of R” and let a(z), b(z) and ¢(x) be real-
valued functions on W of class C". Suppose that for every x € W
the quadratic polynomial

(*) a(z)s® 4 b(z)s + c(z)

has two distinct real roots, sy(x) and s_(z), with sy(x) > s_(x).
Prove that s; and s_ are functions of class C".

Hint: What are the roots of the quadratic polynomial: as?+bs+c?

2. Show that the function, v(z), defined in figure 1 is a continuous
mapping of B" onto S?"~1. Hint: v(x) lies on the ray,

flz)+s(z—f(z)), 0<s<oo
and satisfies ||y(z)|| = 1; so y(x) is equal to
f(@) + so(z — f(x))
where sg is a non-negative root of the quadratic polynomial
If (@) + s(z = f(2)]* — 1.

Argue from figure 1 that this polynomial has to have two distinct
real roots.
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3. Show that the Brouwer fixed point theorem isn’t true if one
replaces the closed unit ball by the open unit ball. Hint: Let U be
the open unit ball (i.e., the interior of B™). Show that the map

X

is a diffeomorphism of U onto R", and show that there are lots of
mappings of R™ onto R™ which don’t have fixed points.

4.  Show that the fixed point in the Brouwer theorem doesn’t have
to be an interior point of B", i.e., show that it can lie on the bound-
ary.

5. If we identify C with R? via the mapping: (z,y) — z = x + iy,
we can think of a C-linear mapping of C into itself, i.e., a mapping
of the form

z—cz, ceC

as being an R-linear mapping of R? into itself. Show that the deter-
minant of this mapping is |c|?.

6. (a) Let f:C — C be the mapping, f(z) = z". Show that
Df(z) =nz"""1.
Hint: Argue from first principles. Show that for h € C = R?

(z4+h)" — 2" —nz""1h
|l

tends to zero as |h| — 0.

(b) Conclude from the previous exercise that

det Df(z) = n?|z|*"72.

(c) Show that at every point z € C—0, f is orientation preserving.

(d) Show that every point, w € C — 0 is a regular value of f and
that

Fw) ={z1,..., 2}
with o, = +1.
(e) Conclude that the degree of f is n.
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7. Prove that the map, f, in exercise 6 has degree n by deducing
this directly from the definition of degree. Some hints:

(a) Show that in polar coordinates, f is the map, (r,8) — (r™,nf).

(b) Let w be the two-form, g(x?+y?) dz A dy, where g(t) is a com-
pactly supported C* function of ¢. Show that in polar coordinates,
w = g(r?)rdr A df, and compute the degree of f by computing the
integrals of w and f*w, in polar coordinates and comparing them.

8. Let U be an open subset of R™, V' an open subset of R™, A an
open subinterval of R containing O and 1, f; : U — V i =0, 1, a pair
of C*° mappings and F' : U x A — V a homotopy between fy and fi.

(a) In §2.3, exercise 4 you proved that if 4 is in Q*(V) and du = 0,
then

(3.6.8) fonw—fip=dv

where v is the (k — 1)-form, Qc, in formula (??). Show (by careful
inspection of the definition of Qa) that if F' is a proper homotopy
and p € QF(V) then v € QF1(U).

(b) Suppose in particular that U and V are open subsets of R"
and g is in Q7(V). Deduce from (3.6.8) that

/ﬁMZ/ﬁu

and deduce directly from the definition of degree that degree is a
proper homotopy invariant.

9. Let U be an open connected subset of R® and f : U — U
a proper C*° map. Prove that if f is equal to the identity on the
complement of a compact set, C, then f is proper and its degree is
equal to 1. Hints:

(a) Show that for every subset, A, of U, f~1(A) C AUC, and
conclude from this that f is proper.

(b) Let €' = f(C). Use the recipe (1.6.1) to compute deg(f) with
geU—-C"

10. Let [a;;] be an n x n matrix and A : R" — R” the linear
mapping associated with this matrix. Frobenius’ theorem asserts: If
the a; j’s are non-negative then A has a non-negative eigenvalue. In
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other words there exists a v € R™ and a A € R, A > 0, such that
Av = Av. Deduce this linear algebra result from the Brouwer fixed
point theorem. Hints:

(a) We can assume that A is bijective, otherwise 0 is an eigenvalue.
Let S"~! be the (n — 1)-sphere, |z| = 1, and f : S"1 — S"~! the

map,
Ax

f@) =7
| Az
Show that f maps the set
Q={(x1,...,2n) €515 x>0}

into itself.

(b) It’s easy to prove that @ is homeomorphic to the unit ball
B! i.e., that there exists a continuous map, g : Q — B" ! which is
invertible and has a continuous inverse. Without bothering to prove
this fact deduce from it Frobenius’ theorem.

3.7 Appendix: Sard’s theorem

The version of Sard’s theorem stated in §3.5 is a corollary of the
following more general result.

Theorem 3.7.1. Let U be an open subset of R™ and f: U — R" a
C* map. Then R™ — f(Cy) is dense in R".

Before undertaking to prove this we will make a few general com-
ments about this result.

Remark 3.7.2. If O,, n = 1,2, are open dense subsets of R", the

intersection
On
n

is dense in R™. (See [?], pg. 200 or exercise 4 below.)

Remark 3.7.3. If A,,, n =1,2,... are a covering of U by compact
sets, O = R" — f(CyNA,) is open, so if we can prove that it’s dense
then by Remark 3.7.2 we will have proved Sard’s theorem. Hence
since we can always cover U by a countable collection of closed cubes,
it suffices to prove: for every closed cube, A C U, R" — f(CyNA) is
dense in R™.
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Remark 3.7.4. Let g : W — U be a diffeomorphism and let h =
fog. Then

(3.7.1) £(Cy) = h(Ch)

so Sard’s theorem for g implies Sard’s theorem for f.

We will first prove Sard’s theorem for the set of super-critical
points of f, the set:
(3.7.2) Ci={peU, Df(p)=0}.
Proposition 3.7.5. Let A C U be a closed cube. Then the open set
R™ — f(AN C’fp) is a dense subset of R".

We’ll deduce this from the lemma below.

Lemma 3.7.6. Given ¢ > 0 one can cover f(AN C;ﬁ) by a finite
number of cubes of total volume less than e.

Proof. Let the length of each of the sides of A be ¢. Given § > 0 one

n
can subdivide A into N™ cubes, each of volume, <N , such that

if x and y are points of any one of these subcubes

Ofi . _ Ofi

8:5]- ax]’

(3.7.3)

)| <.

Let Aq,...,A,, be the cubes in this collection which intersect C’fc.

Then for zg € A; N Cﬁ, %(20) =0, so for z € A;
81']'
ofi
7.4
(3.7.4) 8$j(z)‘<5

by (3.7.3). If x and y are points of A; then by the mean value theorem
there exists a point z on the line segment joining x to y such that

i) = i) = 3 G )

and hence by (3.7.4)

l
(3.7.5) Fil@) = fiw) <0 lwi — i <md .
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AN
Thus f(CyNA;) is contained in a cube, B;, of volume ) and

f(Cy N A) is contained in a union of cubes, B, of total volume less
that
o

so if w choose §"¢™ < €, we're done.

O

Proof. To prove Proposition 3.7.5 we have to show that for every
point p € R™ and neighborhood, W, of p, W — f(Cfc N A) is non-
empty. Suppose

(3.7.6) W C f(ChnA).

Without loss of generality we can assume W is a cube of volume e,
but the lemma tells us that f (C'Jﬁc N A) can be covered by a finite
number of cubes whose total volume is less than €, and hence by
(3.7.6) W can be covered by a finite number of cubes of total volume
less than €, so its volume is less than e. This contradiction proves
that the inclusion (3.7.6) can’t hold.

O

Afi

To prove Theorem 3.7.1 let U; ; be the subset of U where 3
T

Then

£0.

U:UUi,jUCfra

so to prove the theorem it suffices to show that R" — f(U; ; N Cy) is
dense in R", i.e., it suffices to prove the theorem with U replaced by
U ;. Let o; : R™ x R™ be the involution which interchanges z; and
x; and leaves the remaining z;’s fixed. Letting frew = 04 foiq0; and
Unew = 0Uq1q, we have, for f = frep and U = Upew

of

(3.7.7) T

(p) 20 forallpe U}

so we're reduced to proving Theorem 3.7.1 for maps f : U — R"
having the property (3.7.6). Let g : U — R™ be defined by

(3.7.8) g(x1, ... xn) = (fi(z),z2,...,2p).
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Then

(3.7.9) g'ry = ffr1 = fi(zr,...,xn)

and

(3.7.10) det(Dg) = on #0.
61‘1

Thus, by the inverse function theorem, g is locally a diffeomorphism
at every point, p € U. This means that if A is a compact subset of
U we can cover A by a finite number of open subsets, U; C U such
that g maps U; diffeomorphically onto an open subset W, in R™. To
conclude the proof of the theorem we’ll show that R" — f(CyNU;NA)
is a dense subset of R™. Let h : W; — R™ be the map h = fog™'.
To prove this assertion it suffices by Remark 3.7.4 to prove that the
set
R"™ — h(Ch)

is dense in R™. This we will do by induction on n. First note that for
n=10C = C’ff, so we've already proved Theorem 3.7.1 in dimension
one. Now note that by (3.7.8), h*z1 = x1, i.e., h is a mapping of the
form

(3.7.11) h(x1,...,20) = (21, h2(x), ..., hp(T)).
Thus if we let W, be the set
(3.7.12) {(z2,...,2,) R (c,29,...,2,) € Wi}

and let h. : W, — R”! be the map
(3.7.13) he(wa, ... xy) = (ha(c,xa, ..y 2p), .- hp(c, o, .. xy)) .
Then

(3.7.14) det(Dh.)(xa, ..., x,) = det(Dh)(c, za, ..., xy)
and hence
(3.7.15) (c,x) e W,NCp < xeCh,.

Now let pg = (¢,x9) be a point in R™. We have to show that every
neighborhood, V', of py contains a point p € R™ — h(C},). Let V. C
R™! be the set of points, x, for which (¢, z) € V. By induction V,
contains a point, z € R"t — h.(C}.) and hence p = (¢, z) is in V by
definition and in R™ — h(C),) by (3.7.15).

Q.E.D.
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Exercises for §3.7
1. (a) Let f:R — R be the map f(z) = (2 — 1)2. What is the
set of critical points of f7 What is its image?

(b) Same questions for the map f(z) =sinz + x.

(¢c) Same questions for the map

f(w)Z{O’l e

e =, x>0

2.  Let f:R™ — R" be an affine map, i.e., a map of the form
flx) = Az) + o
where A : R™ — R" is a linear map. Prove Sard’s theorem for f.

3. Let p: R — R be a C* function which is supported in the

interval (—% , %) and has a maximum at the origin. Let ri,79,...,

be an enumeration of the rational numbers, and let f : R — R be
the map

flz) = Zmp(ﬂc —1i).

Show that f is a C>* map and show that the image of C is dense in
R. (The moral of this example: Sard’s theorem says that the com-
plement of Cy is dense in R, but Cf can be dense as well.)

4.  Prove the assertion made in Remark 3.7.2. Hint: You need to
show that for every point p € R™ and every neighborhood, V', of p,
() O, NV is non-empty. Construct, by induction, a family of closed
balls, By, such that

(a) ByCV

(b) Bit1 € B

(¢) BeC () On
n<k

(d) radius By < £

and show that the intersection of the By’s is non-empty.

5. Verify (3.7.1).
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CHAPTER 4

FORMS ON MANIFOLDS

4.1 Manifolds

Our agenda in this chapter is to extend to manifolds the results of
Chapters 2 and 3 and to formulate and prove manifold versions of two
of the fundamental theorems of integral calculus: Stokes’ theorem
and the divergence theorem. In this section we’ll define what we
mean by the term “manifold”, however, before we do so, a word of
encouragement. Having had a course in multivariable calculus, you
are already familiar with manifolds, at least in their one and two
dimensional emanations, as curves and surfaces in R3, i.e., a manifold
is basically just an n-dimensional surface in some high dimensional
Euclidean space. To make this definition precise let X be a subset of
RY Y a subset of R” and f : X — Y a continuous map. We recall

Definition 4.1.1. f is a C*> map if for every p € X, there exists a
neighborhood, U,, of p in RY and a C* map, gp : Up — R", which
coincides with f on U, N X.

We also recall:

Theorem 4.1.2. If f : X — Y is a C* map, there exists a neigh-
borhood, U, of X in RN and a C*> map, g : U — R™ such that g
coincides with f on X.

(A proof of this can be found in Appendix A.)

We will say that f is a diffeomorphism if it is one—one and onto
and f and f~! are both C> maps. In particular if Y is an open subset
of R”, X is an example of an object which we will call a manifold.
More generally,

Definition 4.1.3. A4 subset, X, of R is an n-dimensional manifold
if, for every p € X, there exists a neighborhood, V, of p in R™, an
open subset, U, in R™, and a diffeomorphism ¢ : U — X NV.

Thus X is an n-dimensional manifold if, locally near every point p,
X “looks like” an open subset of R™.

Some examples:
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1. Graphs of functions. Let U be an open subset of R™ and
f:U — R aC*® function. Its graph

Iy={(z,t) eR"™; zeU,t=f(2)}
is an n-dimensional manifold in R™*!. In fact the map
p:U—R"™ 2 (2, f(z))

is a diffeomorphism of U onto I'y. (It’s clear that ¢ is a C> map,
and it is a diffeomorphism since its inverse is the map, 7 : I'y — U,
7(z,t) = z, which is also clearly C*.)

2. Graphs of mappings. More generally if f : U — R¥ is a C®
map, its graph

Iy ={(z.y) ER"xR", zcU,y=f()

is an n-dimensional manifold in R"%,

3. Vector spaces. Let V be an n- dimensional vector subspace of
RN, and (ey,...,e,) a basis of V. Then the linear map
(4.1.1) p:R" =V, ($1,...,xn)—>2x,~e,~

is a diffeomorphism of R™ onto V. Hence every n-dimensional vector
subspace of RY is automatically an n-dimensional submanifold of
RY. Note, by the way, that if V is any n-dimensional vector space,
not necessarily a subspace of R, the map (4.1.1) gives us an iden-
tification of V' with R™. This means that we can speak of subsets
of V' as being k-dimensional submanifolds if, via this identification,
they get mapped onto k-dimensional submanifolds of R™. (This is
a trivial, but useful, observation since a lot of interesting manifolds
occur “in nature” as subsets of some abstract vector space rather
than explicitly as subsets of some R™. An example is the manifold,
O(n), of orthogonal n x n matrices. (See example 10 below.) This
manifold occurs in nature as a submanifold of the vector space of n
by n matrices.)

4.  Affine subspaces of R™. These are manifolds of the form p+V,
where V is a vector subspace of RV, and p is some specified point in
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RY. In other words, they are diffeomorphic copies of the manifolds
in example 3 with respect to the diffeomorphism

Tp:RNxRN, rT—T+Dp.

If X is an arbitrary submanifold of R¥ its tangent space a point,
p € X, is an example of a manifold of this type. (We’ll have more to
say about tangent spaces in §4.2.)

5. Product manifolds. Let X;, i = 1,2 be an n;-dimensional sub-
manifold of RVi. Then the Cartesian product of X; and Xo

X1 X X2 = {(1‘1,1‘2); x; € XZ}

is an n-dimensional submanifold of RY where n = ny + ny and
RY = RM — RNz,

We will leave for you to verify this fact as an exercise. Hint: For
pi € X;, i = 1,2, there exists a neighborhood, V;, of p; in RY:, an
open set, U; in R™  and a diffeomorphism ¢ : U; — X; NV;. Let
U=U;xUy,V=VixVoand X = X; xXg,andlet p: U - XNV
be the product diffeomorphism, (¢(q1), v2(q2))-

6.  The unit n-sphere. This is the set of unit vectors in R"+1:

S"={reR", i+ 422, =1},

To show that S™ is an n-dimensional manifold, let V' be the open
subset of R"*! on which x,,4; is positive. If U is the open unit ball
in R” and f : U — R is the function, f(z) = (1 — (z2+---+22))"/2,
then S™ NV is just the graph, I'y, of f as in example 1. So, just as
in example 1, one has a diffeomorphism

p:U—=S"NV.

More generally, if p = (21,...,Zy4+1) is any point on the unit sphere,
then z; is non-zero for some i. If z; is positive, then letting o be the
transposition, i <> n + 1 and f, : R»*!1 — R"*1 the map

fO’(xly’ . 7:671) = (‘ro(l)?' .- 7$U(n))

one gets a diffeomorphism, f, o ¢, of U onto a neighborhood of p in
S™ and if x; is negative one gets such a diffeomorphism by replacing
fo by — fo. In either case we’ve shown that for every point, p, in S,
there is a neighborhood of p in S™ which is diffeomorphic to U.



146 Chapter 4. Forms on Manifolds

7.  The 2-torus. In calculus books this is usually described as the
surface of rotation in R? obtained by taking the unit circle centered
at the point, (2,0), in the (z1,23) plane and rotating it about the
xrg-axis. However, a slightly nicer description of it is as the product
manifold S x S in R*. (Ezercise: Reconcile these two descriptions.)

We’ll now turn to an alternative way of looking at manifolds: as
solutions of systems of equations. Let U be an open subset of RV
and f: U — R¥ a C* map.

Definition 4.1.4. A point, a € R*, is a regular value of f if for

every point, p € f~1(a), f is a submersion at p.

Note that for f to be a submersion at p, Df(p) : RY — R* has to
be onto, and hence k£ has to be less than or equal to N. Therefore
this notion of “regular value” is interesting only if N > k.

Theorem 4.1.5. Let N — k = n. If a is a reqular value of f, the

set, X = f~Y(a), is an n-dimensional manifold.

Proof. Replacing f by 7_, o f we can assume without loss of gener-
ality that a = 0. Let p € f~1(0). Since f is a submersion at p, the
canonical submersion theorem (see Appendix B, Theorem 2) tells us
that there exists a neighborhood, O, of 0 in R, a neighborhood, Uy,
of p in U and a diffeomorphism, g : O — Uy such that

(4.1.2) fog=m
where 7 is the projection map
RY=RFxR" >R, (2,9)—z.

Hence 7=1(0) = {0} x R® = R" and by (4.1.1), g maps O N7 1(0)
diffeomorphically onto Uy N f~1(0). However, O N7~1(0) is a neigh-
borhood, V', of 0 in R™ and Uy N f~1(0) is a neighborhood of p in X,
and, as remarked, these two neighborhoods are diffeomorphic.

O

Some examples:
8. The n-sphere. Let

f:R”+1—>R
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be the map,
(T1y ey Tn1) = @5 + -+ am, — 1.

Then
Df(x) =2(x1,...,Tps1)

so, if z #£ 0 f is a submersion at x. In particular f is a submersion
at all points, z, on the n-sphere

S = f71(0)
so the n-sphere is an n-dimensional submanifold of R"*1.
9.  Graphs. Let g : R" — RF be a C> map and as in example 2 let
Ly={(z,y) eR" xR, y=g(z)}.
We claim that I'y is an n-dimensional submanifold of R HF = R” x
RF.
Proof. Let
f:R" x RF - R¥
be the map, f(z,y) =y — g(x). Then
Df(z,y) = [-Dg(x), Ix]

where I, is the identity map of R onto itself. This map is always

of rank k. Hence I'y = f71(0) is an n-dimensional submanifold of
R,

O

10. Let M,, be the set of all n x n matrices and let S,, be the set
of all symmetric n x n matrices, i.e., the set

Sp={AcM,, A= A"}.
The map
lai ;] = (a11,a12,...,G1n, 021, .., Q2p, - . .)
gives us an identification

2

M, = R"



148 Chapter 4. Forms on Manifolds

and the map

[CLZ'J'] — (all, . Q1n,0922,...09n,033,...03n, . - )
gives us an identification
S, 2 R™E
(Note that if A is a symmetric matrix,
a2 = a1, A13 = G31, G32 = A23, €tc.
so this map avoids redundancies.) Let

O(n)={AeM,, AlA=T}.

This is the set of orthogonal n x n matrices, and we will leave for you
as an exercise to show that it’s an n(n — 1)/2-dimensional manifold.

Hint: Let f: M, — S, be the map f(A) = A'A — I. Then
O(n) = f71(0).

These examples show that lots of interesting manifolds arise as
zero sets of submersions, f : U — R¥. This is, in fact, not just an
accident. We will show that locally every manifold arises this way.
More explicitly let X C RY be an n-dimensional manifold, p a point
of X, U a neighborhood of 0 in R”, V a neighborhood of p in RY and
¢ : (U,0) = (VN X,p) a diffetomorphism. We will for the moment
think of ¢ as a C>® map ¢ : U — R whose image happens to lie in
X.

Lemma 4.1.6. The linear map

Dp(0) : R" — RN
18 injective.
Proof. ™! : VN X — U is a diffeomorphism, so, shrinking V if
necessary, we can assume that there exists a C>*° map ¢ : V — U
which coincides with ¢ ~'on ¥V N X Since ¢ maps U onto V N X,
o= !oyis the identity map on U. Therefore,

D( 0 ¢)(0) = (Dy)(p)Dp(0) = I

by the chain rule, and hence if Dyp(0)v = 0, it follows from this
identity that v = 0.
O
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Lemma 4.1.6 says that ¢ is an immersion at 0, so by the canon-
ical immersion theorem (see Appendix B,Theorem 4) there exists a
neighborhood, Uy, of 0 in U, a neighborhood, V), of p in V, and a
diffeomorphism

(4.1.3) g: (Vp,p) — (Ug x RY™™,0)
such that
(4.1.4) gop=u,

¢ being, as in Appendix B, the canonical immersion
(4.1.5) LUy — Ug xRN 2 — (z,0).

By (4.1.3) g maps ¢(Uy) diffeomorphically onto «(Up). However, by
(4.1.2) and (4.1.3) ¢(Up) is defined by the equations, z; = 0, i =
n+1,...,N. Hence if g = (g1,...,9n) the set, p(Up) =V, N X is
defined by the equations

(4.1.6) =0, i=n+1,...,N.
Let £ =N —n, let
m:RY =R" x RY - R
be the canonical submersion,
m(21,...,ZN) = (Tpt1,---TN)

and let f = wog. Since g is a diffeomorphism, f is a submersion and
(4.1.5) can be interpreted as saying that

(4.1.7) V,NnX = f10).

Thus to summarize we’ve proved

Theorem 4.1.7. Let X be an n-dimensional submanifold of RN and
let £ = N —n. Then for every p € X there exists a neighborhood, V),
of p in RN and a submersion

f: (Vpsp) = (R,0)

such that X NV, is defined by the equation (4.1.6).
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A nice way of thinking about Theorem 4.1.2 is in terms of the
coordinates of the mapping, f. More specifically if f = (f1,..., fx)
we can think of f~!(a) as being the set of solutions of the system of
equations

(418) fl(l') = a;, ’izl,...,k

and the condition that a be a regular value of f can be interpreted
as saying that for every solution, p, of this system of equations the
vectors

Ofi

(4.1.9) (@)=Y 5, O dr;

[43

in TyR™ are linearly independent, i.e., the system (4.1.7) is an “in-
dependent system of defining equations” for X.

Exercises.

1. Show that the set of solutions of the system of equations

i+ +z, = 1

and

z1+-+z, = 0
is an n — 2-dimensional submanifold of R™.
2. Let S"! be the n-sphere in R™ and let
X,={zecsS" ', z+--+z,=d}.

For what values of a is X, an (n — 2)-dimensional submanifold of
Sn=1?

3.  Show that if X;, i = 1,2, is an n;-dimensional submanifold of
RY: then
X1 x Xo CRM x RN

is an (ny + ng)-dimensional submanifold of RM x RNz,
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4.  Show that the set
X ={(z,v) € S" ' xR", z-v=0}

is a 2n — 2-dimensional submanifold of R™ x R™. (Here “x - v” is the
dot product, _ z;v;.)

5. Let g : R — R¥ be a C*® map and let X = graphg. Prove
directly that X is an n-dimensional manifold by proving that the
map

7R =X, 2z (5,9(2))

is a diffeomorphism.
6. Prove that O(n) is an n(n — 1)/2-dimensional manifold. Hints:
(a) Let f: M, — S, be the map
f(A)=A"A=1.

Show that O(n) = f~1(0).
(b) Show that

f(A+eB)=A'A+ e(A'B + B'A) + ¢B'B.
(c) Conclude that the derivative of f at A is the map
) BeM, — A'B+ B'A.

(d) Let A bein O(n). Show that if C'is in S,, and B = AC//2 then
the map, (*), maps B onto C.

(e) Conclude that the derivative of f is surjective at A.

(f) Conclude that 0 is a regular value of the mapping, f.

7. The next five exercises, which are somewhat more demanding
than the exercises above, are an introduction to “Grassmannian”
geometry.

(a) Letey,...,e,bethestandard basis of R™ and let W = span{eg1,. ..

Prove that if V' is a k-dimensional subspace of R™ and

(1.1) Vnw ={0},

s€n}.
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then one can find a unique basis of V' of the form

l
(12) Vi:ei—l—Zbi,jekﬂ, 1=1,...,k,
j=1
where { =n — k.

(b) Let Gy be the set of k-dimensional subspaces of R having the
property (1.1) and let M, be the vector space of k x ¢ matrices.
Show that one gets from the identities (1.2) a bijective map:

(1.3) v My — G

8. Let S;, be the vector space of linear mappings of R" into itself
which are self-adjoint, i.e., have the property A = A*.

(a) Given a k-dimensional subspace, V of R" let my : R" — R”™ be
the orthogonal projection of R™ onto V. Show that my is in .S,, and
is of rank k, and show that (my)? = my.

(b) Conversely suppose A is an element of S, which is of rank &
and has the property, A2 = A. Show that if V is the image of A in
R™, then A = 7.

Notation. We will call an A € S, of the form, A = my above a
rank k projection operator.

9.  Composing the map

(1.4) p:Gy— Sy, V—omy
with the map (1.3) we get a map

(1.5) ©:Mpe— S, ©=p-7,

Prove that ¢ is C*°.
Hints:

(a) By Gram—Schmidt one can convert (1.2) into an orthonormal
basis

(1.6) elyB,...,en,B

of V. Show that the e; p’s are C* functions of the matrix, B = [b; ;].
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(b) Show that 7y is the linear mapping

k

veV — Z(v - € B)EiB -
i=1

10. Let Vp = span{ey,...,e,} and let G = p(G). Show that ¢
maps a neighborhood of 0 in My, , diffeomorphically onto a neigh-
borhood of 7y, in Gy.

Hints: my is in Gy, if and only if V satisfies (1.1). For 1 < i < k let
k ¢
(1.7) w; = my(e) = Z a;je; + Z Cir€lotr -
j=1 r=1

(a) Show that if the matrix A = [a; ;] is invertible, 7y is in G-
(b) Let O C Gy be the set of all my’s for which A is invertible.
Show that ¢! : 0 — M ¢ is the map

(p_l(Trv) =B=A"C

where C' = [¢; j].

11. Let G(k,n) C S, be the set of rank k projection operators.

Prove that G(k,n) is a k¢-dimensional submanifold of the Euclidean
n(n+1)
2

space, S, = R
Hints:

(a) Show that if V' is any k-dimensional subspace of R™ there exists
a linear mapping, A € O(n) mapping Vj to V.

(b) Show that 7y = Amy, AL
(¢) Let K4:S, — S, be the linear mapping,

KA(B)=ABA™!.

Show that
Kao-@: Mpy— Sy

maps a neighborhood of 0 in My, , diffeomorphically onto a neigh-
borhood of 7y in G(k,n).
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Remark 4.1.8. Let Gr(k,n) be the set of all k-dimensional sub-
spaces of R™. The identification of Gr(k,n) with G(k,n) given by
V < @y allows us to restate the result above in the form.

The “Grassmannnian” Theorem: The set (Gr(k,n)) (a.k.a. the “Grass-

mannian of k-dimensional subspaces of R™”) is a k¢-dimensional sub-
n(n+1)

manifold of S,, = R~ 2 .

12.  Show that Gr(k,n) is a compact submanifold of S,,. Hint: Show
that it’s closed and bounded.

4.2 Tangent spaces

We recall that a subset, X, of RY is an n-dimensional manifold, if,
for every p € X, there exists an open set, U C R", a neighborhood,
V, of pin RY and a C*®-diffeomorphism, ¢ : U — X N X.

Definition 4.2.1. We will call ¢ a parametrization of X at p.

Our goal in this section is to define the notion of the tangent space,
T,X, to X at p and describe some of its properties. Before giving
our official definition we’ll discuss some simple examples.

Example 1.

Let f: R — R be a C*™ function and let X = graphf.
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X= graph f

/
X

Then in this figure above the tangent line, ¢, to X at pg = (2o, yo)
is defined by the equation

y—yoza(ﬁf—ﬂ?o)

where a = f’(x¢) In other words if p is a point on £ then p = pg+ Avg
where vog = (1,a) and A € R. We would, however, like the tangent
space to X at po to be a subspace of the tangent space to R? at py,
i.e., to be the subspace of the space: Tj,;R? = {py} x R?, and this
we’ll achieve by defining

Ty X = {(po;\v0), AER}.

Example 2.

Let S? be the unit 2-sphere in R3. The tangent plane to S? at po
is usually defined to be the plane

{po+v;v€R3, v Lpo}.

However, this tangent plane is easily converted into a subspace of
T,R? via the map, pg + v — (po,v) and the image of this map

{(po,v); vER®, v Lpg}

will be our definition of T}, S?.
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Let’s now turn to the general definition. As above let X be an
n-dimensional submanifold of RY, p a point of X, V a neighborhood
of pin RY, U an open set in R” and

v:(Uq) = (XNV,p)
a parameterization of X. We can think of ¢ as a C*> map

¢:(U,q) — (V,p)

whose image happens to lie in X NV and we proved in §4.1 that its
derivative at q

(4.2.1) (de)q : T,R™ — T,RY
is injective.
Definition 4.2.2. The tangent space, T, X, to X at p is the image

of the linear map (4.2.1). In other words, w € T,RY is in T,X if
and only if w = dpq(v) for some v € T;R™. More succinctly,

(4.2.2) T,X = (dg)(T,R").

(Since dq is injective this space is an n-dimensional vector subspace
of T,RY.)

One problem with this definition is that it appears to depend on
the choice of . To get around this problem, we’ll give an alternative
definition of 7}, X. In §4.1 we showed that there exists a neighbor-
hood, V, of p in RY (which we can without loss of generality take
to be the same as V above) and a C*° map

(4.2.3) f:(Vip) = (R*,0), k=N -—n,

such that X NV = f71(0) and such that f is a submersion at all
points of X NV, and in particular at p. Thus

dfy : T,RY — TyRF

is surjective, and hence the kernel of df, has dimension n. Our alter-
native definition of 7, X is

(4.2.4) T,X = kernel dfy, .
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The spaces (4.2.2) and (4.2.4) are both n-dimensional subspaces
of TPRN , and we claim that these spaces are the same. (Notice that
the definition (4.2.4) of T, X doesn’t depend on ¢, so if we can show
that these spaces are the same, the definitions (4.2.2) and (4.2.4) will
depend neither on ¢ nor on f.)

Proof. Since ¢(U) is contained in X NV and X NV is contained in
f71(0), fop =0, so by the chain rule

(4.2.5) dfp o dpg =d(f op)g=0.

Hence if v € T,R" and w = dyy(v), df,(w) = 0. This shows that the
space (4.2.2) is contained in the space (4.2.4). However, these two

spaces are n-dimensional so they coincide.
O

From the proof above one can extract a slightly stronger result:

Theorem 4.2.3. Let W be an open subset of RY and h : (W,q) —
(RN,p) a C* map. Suppose h(W) is contained in X. Then the image
of the map

dhg : T,R" — T,RY
is contained in T, X.

Proof. Let f be the map (4.2.3). We can assume without loss of
generality that h(WW) is contained in V, and so, by assumption,
h(W) C X NV. Therefore, as above, f oh = 0, and hence dh,(T,R)
is contained in the kernel of df),.

O

This result will enable us to define the derivative of a mapping
between manifolds. Explicitly: Let X be a submanifold of RY, Y a
submanifold of R™ and g : (X,p) — (Y,y0) a C* map. By Defi-
nition 4.1.1 there exists a neighborhood, @, of X in RY and a C™
map, g : O — R™ extending to g. We will define

(4.2.6) (dgp) : TyX — T, Y
to be the restriction of the map
(4.2.7) (dg), : T,RYN — T, ,R™

to T, X. There are two obvious problems with this definition:
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1. Is the space
(dgp)(TpX)

contained in T}, Y7
2. Does the definition depend on g7
To show that the answer to 1. is yes and the answer to 2. is no, let
@ : (U x0) = (XNV,p)

be a parametrization of X, and let h = g o ¢. Since p(U) C X,
h(U) CY and hence by Theorem 4.2.4

dhgy (TeyR™) C T, Y .

But by the chain rule

(4.2.8) dha, = dgp © dipg,

so by (4.2.2)

(4.2.9) (d5,)(T,X) < T,¥

and

(4.2.10) (dgp)(TpX) = (dh)ae (T, R™)

Thus the answer to 1. is yes, and since h = go ¢ = go ¢, the answer

to 2. is no.
From (4.2.5) and (4.2.6) one easily deduces

Theorem 4.2.4 (Chain rule for mappings between manifolds). Let
Z be a submanifold of R® and ¢ : (Y, y0) — (Z,20) a C*> map. Then
dipy, o dgy = d(¥ 0 g)p.

We will next prove manifold versions of the inverse function theo-
rem and the canonical immersion and submersion theorems.

Theorem 4.2.5 (Inverse function theorem for manifolds). Let X
and Y be n-dimensional manifolds and f : X — Y a C>® map.
Suppose that at p € X the map

dfp : T,X = T5Y, q=f(p),

18 bijective. Then f maps a neighborhood, U, of p in X diffeomor-
phically onto a neighborhood, V', of ¢ in'Y .



4.2 Tangent spaces 159

Proof. Let U and V be open neighborhoods of p in X and ¢ in Y
and let

vo : (Uo,po) — (U, p)
and

Yo = (Vo,q0) — (V5 q)

be parametrizations of these neighborhoods. Shrinking Uy and U we
can assume that f(U) C V. Let

g : (Uo,po) — (Vo, qo)

be the map 1/10_1 o fowy. Then g o g = f o, so by the chain rule

(dvho)go © (dg)po = (df )p © (depo)p -

Since (di)g)q, and (dyg)p, are bijective it’s clear from this identity
that if df, is bijective the same is true for (dg),,. Hence by the inverse
function theorem for open subsets of R™, g maps a neighborhood of
po in Uy diffeomorphically onto a neighborhood of ¢q in Vj. Shrinking
Up and Vy we assume that these neighborhoods are Uy and V) and
hence that ¢ is a diffeomorphism. Thus since f : U — V is the map
oo g oy, it is a diffeomorphism as well.

O

Theorem 4.2.6 (The canonical submersion theorem for manifolds).
Let X and Y be manifolds of dimension n and m, m <mn, and let
f: X =Y be aC>® map. Suppose that at p € X the map

dfy : T,X = ToY, q=f(p),

is surjective. Then there exists an open neighborhood, U, of p in X,
and open neighborhood, V' of f(U) in'Y and parametrizations

vo : (Uo,0) — (U,p)
and

Yo : (Vo,0) — (V,q)
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such that in the diagram below

v . v

@OT Two

Uy — W
the bottom arrow, wo_l o f oy, is the canonical submersion, .

Proof. Let U and V be open neighborhoods of p and ¢ and

wo : (Uo,po) — (U, p)
and

Yo : (Vo,q0) — (V5 q)

be parametrizations of these neighborhoods. Composing ¢g and g
with the translations we can assume that pg is the origin in R™ and
qo the origin in R™, and shrinking U we can assume f(U) C V. As
above let g : (Up,0) — (Vp,0) be the map, 15 ' o f o pg. By the chain
rule

(dvbo)o © (dg)o = dfp o (deo)o

therefore, since (di)o and (dyp ) are bijective it follows that (dg)o is
surjective. Hence, by Theorem 77, we can find an open neighborhood,
U, of the origin in R™ and a diffeomorphism, ¢ : (U1,0) — (Up, 0)
such that g o ¢ is the canonical submersion. Now replace Uy by Uy
and o by ¢g o 1.

O

Theorem 4.2.7 (The canonical immersion theorem for manifolds).
Let X and Y be manifolds of dimension n and m, n < m, and
f: X =Y aC*® map. Suppose that at p € X the map

dfy : T, X =T, q= f(p)

is injective. Then there exists an open neighborhood, U, of p in X,
an open neighborhood, V', of f(U) in'Y and parametrizations

®o - (U070) - (Uap)
and
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Yo : (Vo,0) — (Viq)

such that in the diagram below

v 1.y

on Tilfo

Uy — W

the bottom arrow, 1y o f o g, is the canonical immersion, t.

Proof. The proof is identical with the proof of Theorem 4.2.6 except
for the last step. In the last step one converts g into the canonical
immersion via a map v : (V1,0) — (Vp,0) with the property goy; =
¢ and then replaces g by ¥g o 1.

O

Exercises.

2
n—17

1. What is the tangent space to the quadric, x,, = w% 44
at the point, (1,0,...,0,1)?

2. Show that the tangent space to the (n — 1)-sphere, S"~1, at p,
is the space of vectors, (p,v) € T,R" satisfying p- v = 0.

3. Let f:R" — RF be a C>®° map and let X = graphf. What is
the tangent space to X at (a, f(a))?

4.  Let o: 8" 1 — S"~! be the antipodal map, o(z) = —z. What
is the derivative of o at p € S?~1?

5. Let X; C RYi § = 1,2, be an n;-dimensional manifold and let
p; € X;. Define X to be the Cartesian product

X1 x Xy CRM x RN

and let p = (p1,p2). Show that 7, X is the vector space sum of the
vector spaces, T}, X1 and T, Xs.
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6. Let X C RY be an n-dimensional manifold and ¢; : U; —
XNV, 1=1,2, two parametrizations. From these parametrizations
one gets an overlap diagram

XxXnv

dy / \ d
(4.2.11) w, _Y W
where V = V1 N Vo, W; = o, (X NV) and ¢ = 5 0 1.

2
2

(a) Let p€ XNV and let ¢; = ¢; '(p). Derive from the overlap
diagram (4.2.11) an overlap diagram of linear maps

(d1)a, / (;) de)%

(4.2.12) T, R" © T,Rr

(b) Use overlap diagrams to give another proof that 7),X is intrin-
sically defined.

4.3 Vector fields and differential forms on manifolds

A vector field on an open subset, U, of R" is a function, v, which
assigns to each p € U an element, v(p), of T,U, and a k-form is a
function, w, which assigns to each p € U an element, w(p), of Ak(T; ).
These definitions have obvious generalizations to manifolds:

Definition 4.3.1. Let X be a manifold. A vector field on X is a
function, v, which assigns to each p € X an element, v(p), of T, X,
and a k-form is a function, w, which assigns to each p € X an
element, w(p), of Ak(T;X).

We'll begin our study of vector fields and k-forms on manifolds
by showing that, like their counterparts on open subsets of R™, they
have nice pull-back and push-forward properties with respect to map-
pings. Let X and Y be manifolds and f: X — Y a C* mapping.

Definition 4.3.2. Given a vector field, v, on X and a vector field,
w, on Y, we’ll say that v and w are f-related if, for all p € X and

q=f(p)
(4.3.1) (df)pv(p) = w(q) .
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In particular, if f is a diffeomorphism, and we're given a vector
field, v, on X we can define a vector field, w, on Y by requiring
that for every point, ¢ € Y, the identity (??) holds at the point,
p = f71(q). In this case we'll call w the push-forward of v by f
and denote it by f.v. Similarly, given a vector field, w, on Y we can
define a vector field, v, on X by applying the same construction to
the inverse diffeomorphism, f~! : Y — X. We will call the vector
field (f~1),w the pull-back of w by f (and also denote it by f*w).

For differential forms the situation is even nicer. Just as in §2.5
we can define the pull-back operation on forms for any C* map
f: X — Y. Specifically: Let w be a k-form on Y. For every p € X,
and ¢ = f(p) the linear map

df, : T,X — T,Y
induces by (1.8.2) a pull-back map
(dfp)* : A(T) — AM(T)

and, as in §2.5, we’ll define the pull-back, f*w, of w to X by defining
it at p by the identity

(4.3.2) (f*w)(p) = (dfp)*w(q).-

The following results about these operations are proved in exactly
the same way as in §2.5.
Proposition 4.3.3. Let X, Y and Z be manifolds and f : X — Y
and g: Y — Z C* maps. Then if w is a k-form on Z

(4.3.3) fgw) =(go f)w,

and if v is a vector field on X and f and g are diffeomorphisms

(4.3.4) (90 f)wv = gi(fiv).

Our first application of these identities will be to define what one
means by a “C* vector field” and a “C* k-form”.
Let X be an n-dimensional manifold and U an open subset of X.

Definition 4.3.4. The set U is a parametrizable open set if there
exists an open set, Uy, in R™ and a diffeomorphism, pqo: Uy — U.
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In other words, U is parametrizable if there exists a parametriza-
tion having U as its image. (Note that X being a manifold means
that every point is contained in a parametrizable open set.)

Now let U C X be a parametrizable open set and ¢ : Uy — U a
parametrization of U.

Definition 4.3.5. A k-form w on U is C* if pjw is C*.

This definition appears to depend on the choice of the parametriza-
tion, ¢, but we claim it doesn’t. To see this let 1 : Uy — U be
another parametrization of U and let

Uy — Uy

be the composite map, 4,051 o ¢g. Then g = @1 09 and hence by
Proposition 4.3.3
pow =V piw,
so by (2.5.11) pfw is C* if pjw is C*°. The same argument applied
to ¢~! shows that pjw is C* if pjw is C=. Q.E.D
The notion of “C*” for vector fields is defined similarly:

Definition 4.3.6. A vector field, v, on U is C* if pjv is C*°.

By Proposition 4.3.3 pjv = ¥*pJv, so, as above, this definition is
independent of the choice of parametrization.
We now globalize these definitions.

Definition 4.3.7. A k-form, w, on X is C>® if, for every point
p € X, wis C® on a neighborhood of p. Similarly, a vector field, v,
on X is C* if, for every point, p € X, v is C*° on a neighborhood
of p.

We will also use the identities (4.3.4) and (4.3.5) to prove the
following two results.

Proposition 4.3.8. Let X and Y be manifolds and f : X — Y a
C*> map. Then if w is a C*° k-form onY, f*w is a C*° k-form on X.

Proof. For p € X and q = f(p) let w9 : Uy — U and ¢pg : Vo — V
be parametrizations with p € U and g € V. Shrinking U if necessary
we can assume that f(U) C V. Let g : Uy — Vp be the map, g =
¢0_1 o fowp. Then 1pgog = f o g, so g'pjw = i f*w. Since w is
C™, Yyw is C*°, so by (2.5.11) g*¢jw is C*°, and hence, § f*w is C*°.
Thus by definition f*w is C* on U.

O
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By exactly the same argument one proves:

Proposition 4.3.9. If w is a C*° wvector field on Y and f is a dif-
feomorphism, f*w is a C*° wvector field on X.

Some notation:

1. We'll denote the space of C*° k-forms on X by QF(X).

2. For w € QF(X) we'll define the support of w to be the
closure of the set

{r e X, w(p) #0}

and we’ll denote by QIS(X ) the space of completely supported
k-forms.

3. For a vector field, v, on X we’ll define the support of v to
be the closure of the set

{pe X, v(p) #0}.

We will now review some of the results about vector fields and the
differential forms that we proved in Chapter 2 and show that they
have analogues for manifolds.

1. Integral curves

Let I C R be an open interval and v : I — X a C* curve. For tg € 1
we will call @ = (tg,1) € T, R the unit vector in Ty, R and if p = (o)
we will call the vector

d’}/to (1_[) S TpX

the tangent vector to v at p. If v is a vector field on X we will say
that v is an integral curve of v if for all ty € 1

v(v(to)) = dryto (@) -

Proposition 4.3.10. Let X and Y be manifolds and f: X — Y a
C*® map. If v and w are vector fields on X andY which are f-related,
then integral curves of v get mapped by f onto integral curves of w.
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Proof. If the curve, v : I — X is an integral curve of v we have to
show that fo~ : I — Y is an integral curve of w. If v(¢) = p and
g = f(p) then by the chain rule

w(g) = dfp(v(p)) = dfp(dy (1))
= d(fO’Y)t(ﬁ)‘

O

From this result it follows that the local existence, uniqueness
and “smooth dependence on initial data” results about vector fields
that we described in §2.1 are true for vector fields on manifolds.
More explicitly, let U be a parametrizable open subset of X and
¢ : Up — U a parametrization. Since Uy is an open subset of R"
these results are true for the vector field, w = ¢jv and hence since
w and v are @g-related they are true for v. In particular

Proposition 4.3.11 (local existence). For every p € U there exists
an integral curve, y(t), —e <t < €, of v with v(0) = p.

Proposition 4.3.12 (local uniqueness). Let v; : I; —» U i = 1,2 be
integral curves of v and let I = Iy N Iy. Suppose vo(t) = ~1(t) for
some t € I. Then there exists a unique integral curve, v : ITUls — U
with v =1 on Iy and v = 75 on Is.

Proposition 4.3.13 (smooth dependence on initial data). For every
p € U there exists a neighborhood, O of p in U, an interval (—e,¢€)
and a C*® map, h : O x (—€,€) — U such that for every p € O the
curve

Y(t) =h(p,t), —e<t<e,

is an integral curve of v with v,(0) = p.

As in Chapter 2 we will say that v is complete if, for every p € X
there exists an integral curve, v(t), —oo < t < oo, with v(0) = p. In
Chapter 2 we showed that one simple criterium for a vector field to
be complete is that it be compactly supported. We will prove that
the same is true for manifolds.

Theorem 4.3.14. If X is compact or, more generally, if v is com-
pactly supported, v is complete.

Proof. It’s not hard to prove this by the same argument that we
used to prove this theorem for vector fields on R™, but we’ll give a
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simpler proof that derives this directly from the R™ result. Suppose
X is a submanifold of RY. Then for p € X,

T,X C TR ={(p,v), veR"},
so v(p) can be regarded as a pair, (p,v(p)) where v(p) is in R, Let
(4.3.5) fo: X - RY

be the map, f,(p) = v(p). It is easy to check that v is C* if and
only if f, is C*°. (See exercise 11.) Hence (see Appendix B) there
exists a neighborhood, O of X and a map ¢g : O — R¥ extending
fv- Thus the vector field w on O defined by w(q) = (¢, 9(q)) extends
the vector field v to O. In other words if ¢ : X — O is the inclusion
map, v and w are (-related. Thus by Proposition 4.3.10 the integral
curves of v are just integral curves of w that are contained in X.

Suppose now that v is compactly supported. Then there exists a
function p € C3°(O) which is 1 on the support of v, so, replacing
w by pw, we can assume that w is compactly supported. Thus w is
complete. Let (), —oo < t < oo be an integral curve of w. We will
prove that if 7(0) € X, then this curve is an integral curve of v. We
first observe:

Lemma 4.3.15. The set of points, t € R, for which v(t) € X is both
open and closed.

Proof. If p ¢ suppwv then w(p) = 0 so if y(¢t) = p, y(t) is the constant
curve, v = p, and there’s nothing to prove. Thus we are reduced to
showing that the set

(4.3.6) {teR, ~(t) €suppv}

is both open and closed. Since suppwv is compact this set is clearly
closed. To show that it’s open suppose ¥(tg) € suppv. By local exis-
tence there exist an interval (—e 4 tg, € + tp) and an integral curve,
~1(t), of v defined on this interval and taking the value 1 (tg) = v(¢0)
at p. However since v and w are t-related ~; is also an integral curve
of w and so it has to coincide with 7 on the interval (—e+tg, €+1o).
In particular, for ¢ on this interval, v(t) € suppv, so the set (4.3.6)
is open.

O
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To conclude the proof of Theorem 4.3.14 we note that since R is
connected it follows that if y(t9) € X for some ty € R then v(t) € X
for all t € R, and hence + is an integral curve of v. Thus in particular
every integral curve of v exists for all time, so v is complete.

O

Since w is complete it generates a one-parameter group of diffeo-
morphisms, g; : O — O, —oo < t < 0o having the property that the
curve

gt(p) = p(t), —oo<t<oo

is the unique integral curve of w with initial point, v,(0) = p. But if
p € X this curve is an integral curve of v, so the restriction

fi =g X

is a one-parameter group of diffeomorphisms of X with the property
that for p € X the curve

fi(p) = 7p(t), —oco<t< oo

is the unique integral curve of v with initial point v,(0) = p.

2. The exterior differentiation operation

Let w be a C*® k-form on X and U C X a parametrizable open
set. Given a parametrization, g : Uy — U we define the exterior
derivative, dw, of w on X by the formula

(4.3.7) dw = (py ) dpfw .

(Notice that since Up is an open subset of R” and ¢fjw a k-form on
Uy, the “d” on the right is well-defined.) We claim that this definition
doesn’t depend on the choice of parametrization. To see this let ¢ :
Uy — U be another parametrization of U and let ¢ : Uy — Uy be
the diffeomorphism, ()01—1 o g. Then ¢y = ¢1 o1 and hence

depw = dy*piw =™ dpiw

= (e ) dpjw
hence

(o) dojw = (7)) dpfw
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as claimed. We can therefore, define the exterior derivative, dw, glob-
ally by defining it to be equal to (4.3.7) on every parametrizable open
set.

It’s easy to see from the definition (4.3.7) that this exterior differ-
entiation operation inherits from the exterior differentiation opera-
tion on open subsets of R™ the properties (2.3.2) and (2.3.3) and that
for zero forms, i.e., C*° functions, f : X — R, df is the “intrinsic” df
defined in Section 2.1, i.e., for p € X df), is the derivative of f

df, : T, X — R
viewed as an element of A'(T*X). Let’s check that it also has the
property (2.5.12).

Theorem 4.3.16. Let X and Y be manifolds and f: X —Y aC*®
map. Then for w € QF(Y)
(4.3.8) ffdw = df*w.

Proof. For every p € X we’ll check that this equality holds in a
neighborhood of p. Let ¢ = f(p) and let U and V be parametrizable
neighborhoods of p and ¢. Shrinking U if necessary we can assume
f(U) C V. Given parametrizations

p:Uy—U
and
Pv:Vg—V
we get by composition a map
9:Uo—WV, g=v¢'ofop
with the property ¢ o g = f o . Thus
O d(ffw) = d¢*f*w (by definition of d)
= d(fop)w
= d{Yog)w
dg* (*w)
g"do*w by (2.5.12)
gV dw (by definition of d)
= ¢ ffdw.

Hence df*w = f* dw.
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3. The interior product and Lie derivative operation

Given a k-form, w € Q¥(X) and a C®vector field, w, we will define
the interior product

(4.3.9) Wv)w e QF (X)),

as in §2.4, by setting

and the Lie derivative

(4.3.10) Lw = QFX)
by setting
(4.3.11) Lyw = 1(v)dw+di(v)w.

It’s easily checked that these operations satisfy the identities (2.4.2)—
(2.4.8) and (2.4.12)—(2.4.13) (since, just as in §2.4, these identities
are deduced from the definitions (4.3.9) and (4.3.1) by purely formal
manipulations). Moreover, if v is complete and

fi: X=X, —co<t<o

is the one-parameter group of diffeomorphisms of X generated by v
the Lie derivative operation can be defined by the alternative recipe

(4.3.12) Lyw = <% f;@) (t =0)

as in (2.5.22). (Just as in §2.5 one proves this by showing that the
operation (4.3.12) has the properties (2.12) and (2.13) and hence
that it agrees with the operation (4.3.11) provided the two operations
agree on zero-forms.)

Exercises.

1. Let X C R3 be the paraboloid, x3 = 2% + 2% and let w be
the vector field

W=z i—i—w a— + 2z 9
N 1(9361 2(9962 38%3'
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(a) Show that w is tangent to X and hence defines by
restriction a vector field, v, on X.

(b) What are the integral curves of v?

2. Let S? be the unit 2-sphere, 2% + 23 + 25 = 1, in R3 and
let w be the vector field

0 0
W=T1=—— —To— .

81’2 2 61‘1

(a) Show that w is tangent to S2, and hence by restriction

defines a vector field, v, on S2.

(b) What are the integral curves of v?
3. As in problem 2 let S? be the unit 2-sphere in R3 and let
w be the vector field

w—i—w T 0 +x 0 +2x 0
T 0wz O\ 0 0w o

(a) Show that w is tangent to S? and hence by restriction
defines a vector field, v, on S2.

(b) What do its integral curves look like?

4. Let S' be the unit circle, ZL'% + 1‘% = 1, in R? and let
X = S x S in R* with defining equations

fi = 22 +23-1=0
fo = 1‘34—1‘2—1:0.

(a) Show that the vector field

I PO N
AL T o, 18 :

A € R, is tangent to X and hence defines by restriction a
vector field, v, on X.

(b) What are the integral curves of v?
(¢) Show that L, f; = 0.
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5. For the vector field, v, in problem 4, describe the one-
parameter group of diffeomorphisms it generates.

6. Let X and v be as in problem 1 and let f : R? — X be the
map, f(x1,22) = (21,22, 2? + 23). Show that if u is the vector

field,
0

U=T15— +To7—

8%1 8:52 ’
then f.u = wv.

7. Let X be a submanifold of X in RY and let v and w be
the vector fields on X and U. Denoting by ¢ the inclusion map
of X into U, show that v and w are t-related if and only if w
is tangent to X and its restriction to X is v.

8. Let X be a submanifold of RY and U an open subset of
RY containing X, and let v and w be the vector fields on X
and U. Denoting by ¢ the inclusion map of X into U, show that
v and w are (-related if and only if w is tangent to X and its
restriction to X is v.

9. An elementary result in number theory asserts

Theorem 4.3.17. A number, A € R, is irrational if and only
if the set
{m+An, m and n intgers}

is a dense subset of R.

Let v be the vector field in problem 4. Using the theorem above
prove that if A\/27 is irrational then for every integral curve,
~(t), —oo < t < oo, of v the set of points on this curve is a
dense subset of X.

10. Let X be an n-dimensional submanifold of RY. Prove that
a vector field, v, on X is C* if and only if the map, (4.3.5) is
C™.

Hint: Let U be a parametrizable open subset of X and ¢ : Uy —
U a parametrization of U. Composing ¢ with the inclusion map
t: X — R one gets a map, top: U — RY. Show that if

N 0
v = sza—%

then
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2 fi = al‘j Uy
where f1,..., fn are the coordinates of the map, f,, and ¢1,..., 0N

the coordinates of ¢ o .

11. Let v be a vector field on X and ¢ : X — R, a C* function.
Show that if the function

(4.3.13) Lyp = 1(v)dy
is zero ¢ is constant along integral curves of v.

12. Suppose that ¢ : X — R is proper. Show that if L,po =0,
v is complete.

Hint: For p € X let a = ¢(p). By assumption, ¢ ~!(a) is com-
pact. Let p € C3°(X) be a “bump” function which is one on
¢~ !(a) and let w be the vector field, pv. By Theorem 4.3.14,
w is complete and since

Ly = t(pv) dp = pi(v) dp =0

 is constant along integral curves of w. Let y(t), —oo < t < 00,
be the integral curve of w with initial point, v(0) = p. Show
that ~ is an integral curve of v.

4.4 Orientations

The last part of Chapter 4 will be devoted to the “integral calculus”
of forms on manifolds. In particular we will prove manifold versions
of two basic theorems of integral calculus on R", Stokes theorem and
the divergence theorem, and also develop a manifold version of degree
theory. However, to extend the integral calculus to manifolds with-
out getting involved in horrendously technical “orientation” issues
we will confine ourselves to a special class of manifolds: orientable
manifolds. The goal of this section will be to explain what this term
means.
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Definition 4.4.1. Let X be an n-dimensional manifold. An orien-
tation of X is a rule for assigning to each p € X an orientation of
T,X.

Thus by definition 1.9.1 one can think of an orientation as a “label-
ing” rule which, for every p € X, labels one of the two components
of the set, A"(T; X) —{0}, by A™(T,; X), which we’ll henceforth call
the “plus” part of A"(T; X), and the other component by A™(T; X)_,
which we’ll henceforth call the “minus” part of A"(7;X).

Definition 4.4.2. An orientation of X is smooth if, for every p €
X, there exists a neighborhood, U, of p and a non-vanishing n-form,
w e Q" (U) with the property

(4.4.1) we = A"(TFX)4

for every q € U.

Remark 4.4.3. If we’re given an orientation of X we can define
another orientation by assigning to each p € X the opposite orien-
tation to the orientation we already assigned, i.e., by switching the
labels on A™(T;)+ and A™(T,;)—. We will call this the reversed ori-
entation of X. We will leave for you to check as an exercise that
if X 1is connected and equipped with a smooth orientation, the only
smooth orientations of X are the given orientation and its reversed
orientation.

Hint: Given any smooth orientation of X the set of points where
it agrees with the given orientation is open, and the set of points
where it doesn’t is also open. Therefore one of these two sets has to
be empty.

Note that if w € Q"(X) is a non-vanishing n-form one gets from
w a smooth orientation of X by requiring that the “labeling rule”
above satisfy

(4.4.2) wp € ANM(TEX) 4

for every p € X. If w has this property we will call w a volume form.
It’s clear from this definition that if wy and wy are volume forms on
X then wy = fy1w; where f5 1 is an everywhere positive C* function.
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Example 1.

Open subsets, U of R™. We will usually assign to U its standard
orientation, by which we will mean the orientation defined by the
n-form, dz1 A --- A dzy,.

Example 2.

Let f: RY — RF be a C* map. If zero is a regular value of f, the
set X = f~1(0) is a submanifold of RY of dimension, n = N — k, by
Theorem ?7?. Moreover, for p € X, T), X is the kernel of the surjective
map

df, : T,RY — T,R*

so we get from df, a bijective linear map
(4.4.3) T,RN /T, X — T,R*.

As explained in example 1, TPRN and T,R* have “standard” orien-
tations, hence if we require that the map (4.4.3) be orientation pre-
serving, this gives TpRN /T, X an orientation and, by Theorem 1.9.4,
gives T, X an orientation. It’s intuitively clear that since df, varies
smoothly with respect to p this orientation does as well; however,
this fact requires a proof, and we’ll supply a sketch of such a proof
in the exercises.

Example 3.

A special case of example 2 is the n-sphere
S" = {(w1,...,Tn41) e R", x%+...+x%+1 =1},

which acquires an orientation from its defining map, f : R**! — R,
flx) =i+ +ahy — 1.

Example 4.

Let X be an oriented submanifold of RY. For every p € X, T, X
sits inside TpRN as a vector subspace, hence, via the identification,
T,RN « RY one can think of 7, X as a vector subspace of RY. In
particular from the standard Euclidean inner product on RV one
gets, by restricting this inner product to vectors in 7, X, an inner
product,

B, :T,X xT,X —R
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on T, X. Let 0, be the volume element in A" (7, X) associated with
B, (see §1.9, exercise 10) and let o = o x be the non-vanishing n-form
on X defined by the assignment

peEX —op,.

In the exercises at the end of this section we’ll sketch a proof of the
following.

Theorem 4.4.4. The form, ox, is C* and hence, in particular, is a
volume form. (We will call this form the Riemannian volume form.)

Example 5. The Mobius strip. The Mobius strip is a surface in

R3 which is not orientable. It is obtained from the rectangle
R={(z,y); 0<z <1, -1<y<1}

by gluing the ends together in the wrong way, i.e., by gluing (1,y)
to (0, —y) . It is easy to see that the Mobius strip can’t be oriented
by taking the standard orientation at p = (1,0) and moving it along
the line, (¢,0), 0 <t <1 to the point, (0,0) (which is also the point,
p, after we've glued the ends of the rectangle together).

We'll next investigate the “compatibility” question for diffeomor-
phisms between oriented manifolds. Let X and Y be n-dimensional
manifolds and f : X — Y a diffeomorphism. Suppose both of these
manifolds are equipped with orientations. We will say that f is ori-
entation preserving if, for all p € X and ¢ = f(p) the linear map

df, : T, X = T,Y

is orientation preserving. It’s clear that if w is a volume form on Y
then f is orientation preserving if and only if f*w is a volume form
on X, and from (1.9.5) and the chain rule one easily deduces

Theorem 4.4.5. If Z is an oriented n-dimensional manifold and
g :Y — Z a diffeomorphism, then if both f and g are orientation
preserving, so is go f.

If f: X — Y is a diffeomorphism then the set of points, p € X,
at which the linear map,

dfp : T,X = ToY, q=f(p),
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is orientation preserving is open, and the set of points at which its
orientation reversing is open as well. Hence if X is connected, df;, has
to be orientation preserving at all points or orientation reversing at
all points. In the latter case we’ll say that f is orientation reversing.

If U is a parametrizable open subset of X and ¢ : Uy — U a
parametrization of U we’ll say that this parametrization is an ori-
ented parametrization if ¢ is orientation preserving with respect to
the standard orientation of Uy and the given orientation on U. No-
tice that if this parametrization isn’t oriented we can convert it into
one that is by replacing every connected component, V{, of Uy on
which ¢ isn’t orientation preserving by the open set

(4.4.4) VOﬁ ={(x1,...,zy) €ER", (z1,...,2p1,—p) € Vo}
and replacing ¢ by the map

(4.4.5) (1, xn) = (21, Tp1, —Tn) -

If p; : U; — U, i = 0,1, are oriented parametrizations of U and
1 : Uy — Uq is the diffeomorphism, cpl_l o g, then by the theorem
above 1 is orientation preserving or in other words
O

0z

(4.4.6) det[ ] >0

at every point on U).

We’ll conclude this section by discussing some orientation issues
which will come up when we discuss Stokes theorem and the diver-
gence theorem in §4.6. First a definition.

Definition 4.4.6. An open subset, D, of X is a smooth domain if

(a) its boundary is an (n — 1)-dimensional submanifold of X
and

(b) the boundary of D coincides with the boundary of the clo-
sure of D.

Examples.

1.  The n-ball, ZL'% + -+ + a2 < 1, whose boundary is the sphere,
2222 =1,
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2. The n-dimensional annulus,
l<ai+ - +a2<2

whose boundary consists of the spheres,

34 a2 =1land 2?4 +a2 =2,

3. Let S"! be the unit sphere, 2% + --- + 22 = 1 and let D =
R"™ — S"~1. Then the boundary of D is S"~! but D is not a smooth
domain since the boundary of its closure is empty.

4. The simplest example of a smooth domain is the half-space
(4.4.7) H" = {(z1,...,2,) € R", 1z <0}

whose boundary

(4.4.8) {(z1,...,2n) €R", z1 =0}

we can identify with R”~! via the map,

(z2,...,2,) ER" = (0,29,...,2,).
We will show that every bounded domain looks locally like this
example.

Theorem 4.4.7. Let D be a smooth domain and p a boundary point
of D. Then there exists a neighborhood, U, of p in X, an open set,
Uy, in R™ and a diffeomorphism, ¢ : Uy — U such that ¢ maps
Uy NH™ onto U N D.

Proof. Let Z be the boundary of D. First we will prove:

Lemma 4.4.8. For every p € Z there exists an open set, U, in X
containing p and a parametrization

(4.4.9) v:Uy—U
of U with the property

(4.4.10) WUy NBAH") =UN Z.
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Proof. X is locally diffeomorphic at p to an open subset of R” so it
suffices to prove this assertion for X equal to R™. However, if Z is an
(n — 1)-dimensional submanifold of R™ then by ?7? there exists, for
every p € Z a neighborhood, U, of p in R” and a function, ¢ € C*(U)
with the properties

(4.4.11) reUNZ < p(x)=0
and
(4.4.12) dgy #0.

Without loss of generality we can assume by (4.4.12) that

dp

(4.4.13) @) #0.

Hence if p : U — R is the map

(4.4.14) p(x1,...,zn) = (p(x),z2,...,2p)

(dp), is bijective, and hence p is locally a diffeomorphism at p.
Shrinking U we can assume that p is a diffeomorphism of U onto an
open set, Uy. By (4.4.11) and (4.4.14) p maps U N Z onto Uy N BdH"
hence if we take 1 to be p~!, it will have the property (4.4.10).

O

We will now prove Theorem 4.4.4. Without loss of generality we
can assume that the open set, Uy, in Lemma 4.4.8 is an open ball
with center at ¢ € BdH"™ and that the diffeomorphism, 1) maps ¢ to
p. Thus for 1»~1(U N D) there are three possibilities.

i. v~ Y (UND)=(R"— BdH")N V.
ii. p~(UND)=R"-H")NUp.
or
iii. »~1(UND)=H"NUj.
However, i. is excluded by the second hypothesis in Definition 4.4.6
and if ii. occurs we can rectify the situation by composing ¢ with

the map, (z1,...,2,) — (—21,22,...,Zp).
O
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Definition 4.4.9. We will call an open set, U, with the properties
above a D-adapted parametrizable open set.

We will now show that if X is oriented and D C X is a smooth
domain then the boundary, Z, of D acquires from X a natural ori-
entation. To see this we first observe

Lemma 4.4.10. The diffeomorphism, 1 : Uy — U in Theorem 4.4.7
can be chosen to be orientation preserving.

Proof. If it is not, then by replacing ¥ with the diffeomorphism,
@y, ... xn) = P(z1,. .., Ty1, —2y), We get a D-adapted parametriza-
tion of U which is orientation preserving. (See (4.4.4)—(4.4.5).)

]

Let Vo = Uy NR™! be the boundary of Uy N H". The restriction
of ¥ to Vj is a diffeomorphism of Vj onto U N Z, and we will orient
U N Z by requiring that this map be an oriented parametrization.
To show that this is an “intrinsic” definition, i.e., doesn’t depend on
the choice of 1, we’ll prove

Theorem 4.4.11. Ifvy; : U; — U, i = 0, 1, are oriented parametriza-
tions of U with the property

v U, NH"—-UND

the restrictions of ¥; to U; NR™ ™! induce compatible orientations on
UnNnX.

Proof. To prove this we have to prove that the map, gpl_l o (g, Te-
stricted to U N BAH" is an orientation preserving diffeomorphism of
Up "R ! onto U; NR™ L. Thus we have to prove the following:

Proposition 4.4.12. Let Uy and Uy be open subsets of R™ and f :
Uy — Uy an orientation preserving diffeomorphism which maps Uy N
H™ onto Uy N H". Then the restriction, g, of f to the boundary,
Ug NR™ 1L of Uy NH™ is an orientation preserving diffeomorphism,
g:UgNR"™! = U nR*1L.

Let f(z) = (f1(x),..., fu(x)). By assumption fi(x1,...,x,) is less
than zero if x7 is less than zero and equal to zero if x1 is equal to
zero, hence
and
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Moreover, since g is the restriction of f to the set 1 =0

ofi _ 0g;
(4.4.17) %(O,xg,...,:z:n) = oz, (x2,...,21)
for 4,5 > 2. Thus on the set, z1 =0
afi| _ 0h 9y
(4.4.18) det [8:5]} o det [8:5]-] .

Since f is orientation preserving the left hand side of (4.4.18) is
positive at all points (0, 2, ..., 2,) € UgsNR"~! hence by (4.4.15) the

. % % . . . .
same is true for ReT and det [ 3%}' Thus g is orientation preserving.

Remark 4.4.13. For an alternative proof of this result see exercise 8
i §3.2 and exercises 4 and 5 in §3.6.

We will now orient the boundary of D by requiring that for every
D-adapted parametrizable open set, U, the orientation of Z coin-
cides with the orientation of U N Z that we described above. We will
conclude this discussion of orientations by proving a global version
of Proposition 4.4.12.

Proposition 4.4.14. Let X;, i = 1,2, be an oriented manifold,
D; C X; a smooth domain and Z; its boundary. Then if f is an
orientation preserving diffeomorphism of (X1, D1) onto (X2, D2) the
restriction, g, of f to Z1 is an orientation preserving diffeomorphism
of Z1 onto Zs.

Let U be an open subset of X1 and ¢ : Uy — U an oriented
D;-compatible parametrization of U. Then if V = f(U) the map
fow:U — V is an oriented Ds-compatible parametrization of V'
and hence g : U N Z; — V N Zs is orientation preserving.

O

Exercises.
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1. Let V be an oriented n-dimensional vector space, B an inner

producton V ande; € V, i =1,...,n an oriented orthonormal basis.
Given vectors, v; € V, i =1,...,n show that if

(4.4.19) bi,j = B(Ui, Uj)

and

(4.4.20) v; = Z a;ji€j,
the matrices A = [a; ;] and B = [b; ;] satisfy the identity:
(4.4.21) B=A'A

and conclude that det B = (det.4)%. (In particular conclude that
det B> 0.)

2. Let V and W be oriented n-dimensional vector spaces. Suppose
that each of these spaces is equipped with an inner product, and let
e, €V,i=1,...,nand f; € W,i=1,...,n beoriented orthonormal
bases. Show that if A : W — V is an orientation preserving linear
mapping and Af; = v; then

(4.4.22) A*voly = (det[b; ;]) 2 vol

where voly = ef A--- Aey, volw = f{ A--- A fr and [b; ;] is the
matrix (4.4.19).

3. Let X be an oriented n-dimensional submanifold of R, U an
open subset of X, Uy an open subset of R® and ¢ : Uy — U an
oriented parametrization. Let ¢;, i = 1,..., N, be the coordinates of
the map

Up— U — RV,

the second map being the inclusion map. Show that if ¢ is the Rie-
mannian volume form on X then

(4.4.23) Yo = (det[gpi’j])% dxy A--- N dzy,

where

X dor, Oy
(4.4.24) 0ij = EZPE 1 <ij<n.
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(Hint: For p € Uy and ¢ = ¢(p) apply exercise 2 with V = T,X,
W =T,R", A = (dy), and v; = (dp), (%) .) Conclude that o is a
‘/p

C* infinity n-form and hence that it is a volume form.
4.  Given a C* function f : R — R, its graph
X = {(z.f(z)), =R}
is a submanifold of R? and
p:R—=X, z— (2 f(z))

is a diffeomorphism. Orient X by requiring that ¢ be orientation
preserving and show that if ¢ is the Riemannian volume form on X
then

2\ 2
(4.4.25) Yo = <1 + <%> ) dx .

Hint: Exercise 3.

5. Given a C*® function f:R"™ — R its graph
X ={(z, f(z)), ©eR"}

is a submanifold of R"*! and

(4.4.26) e:R"—= X, z— (z, f(x))

is a diffeomorphism. Orient X by requiring that ¢ is orientation
preserving and show that if ¢ is the Riemannian volume form on X
then

(4.4.27) ¢*0:<1+Z<8w>) dzy A~ ANdy, .
i—1 i

Hints:

(a) Let v = (c1,...,¢,) € R™ Show that if C': R" — R is the
linear mapping defined by the matrix [c;c;] then Cv = (3 ¢?)v
and Cw=0ifw-v=0.
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(b) Conclude that the eigenvalues of C' are A\; = Y ¢? and
Ao = =\, = 0.

(c) Show that the determinant of I+ C is 1 + ) c7.

(d) Use (a)—(c) to compute the determinant of the matrix

(4.4.24) where ¢ is the mapping (4.4.26).

Let V be an oriented N-dimensional vector space and ¢; € V*,
1,...,k, k linearly independent vectors in V *. Define

L:V =Rk

to be the map v — (¢1(v), ...,k (v)).

(a) Show that L is surjective and that the kernel, W, of L is
of dimension n = N — k.

(b) Show that one gets from this mapping a bijective linear
mapping

(4.4.28) V/W — RE

and hence from the standard orientation on R¥ an induced ori-
entation on V/W and on W. Hint: §1.2, exercise 8 and Theo-
rem 1.9.4.

(c) Let w be an element of AN (V*). Show that there exists a
w € A™(V*) with the property

(4.4.29) NN ANp=w.
Hint: Choose an oriented basis, eq,...,ey of V such that w =
ef A~ ANeyand £; = ef for i = 1,... k, and let pu = ej ;| A

(d) Show that if v is an element of A™(V*) with the property
AN NG Av=0

then there exist elements, v;, of A"~1(V*) such that

(4.4.30) v = Zﬁi A V.

Hint: Same hint as in part (c).
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(e) Show that if = p;, i = 1,2, are elements of A" (V™) with
the property (4.4.29) and ¢ : W — V is the inclusion map then
g = t*pe. Hint: Let v = pg — pe. Conclude from part (d)
that *v = 0.

(f) Conclude that if p is an element of A™(V*) satisfying
(4.4.29) the element, o = (*u, of A™(W*) is intrinsically de-
fined independent of the choice of p.

(g) Show that o lies in A™(V*),.

Let U be an open subset of RY and f : U — RF a C*® map.

If zero is a regular value of f, the set, X = f71(0) is a manifold of
dimension n = N — k. Show that this manifold has a natural smooth
orientation. Some suggestions:

(a) Let f = (f1,...,fx) and let
dfi Ao A dfyy = frdar

summed over multi-indices which are strictly increasing. Show
that for every p € X fr(p) # 0 for some multi-index, I =
(’il,...,ik), 1<y <~ < < N.
(b) Let J = (J1,---4Jn), 1 < j1 < -+ < jn < N be the com-
plementary multi-index to I, i.e., j,. # is for all » and s. Show
that

dfi N - Ndfy Ndey==xfrdei AN--- N dxn

and conclude that the n-form

1
=+—dz
Y I J

is a C*° n-form on a neighborhood of p in U and has the prop-
erty:

(4.4.31) dfiy N Ndfg ANp=dxy A+ N\ dey .

(c) Let¢: X — U be the inclusion map. Show that the assign-
ment
peX - ()

defines an intrinsic nowhere vanishing n-form
oeN(X)
on X. Hint: Exercise 6.
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(d) Show that the orientation of X defined by o coincides
with the orientation that we described earlier in this section.
Hint: Same hint as above.

8. Let S™ be the n-sphere and ¢ : S — R™*! the inclusion map.
Show that if w € Q"(R"*!) is the n-form, w = Y (=1)""'z; dzy A---A
da; . . dxp41, the n-form *w € Q"(S™) is the Riemannian volume
forrn.

9. Let S"*! be the (n + 1)-sphere and let
S = {(x1,...,2nt2) € S"TH, 21 <0}
be the lower hemi-sphere in S™*1.

(a) Prove that S is a smooth domain.
(b) Show that the boundary of ST+ is S™.

(¢c) Show that the boundary orientation of S™ agrees with the
orientation of S™ in exercise 8.

4.5 Integration of forms over manifolds

In this section we will show how to integrate differential forms over
manifolds. In what follows X will be an oriented n-dimensional man-
ifold and W an open subset of X, and our goal will be to make sense
of the integral

(4.5.1) /Ww

where w is a compactly supported n-form. We’ll begin by showing
how to define this integral when the support of w is contained in
a parametrizable open set, U. Let Uy be an open subset of R” and
o : Up — U a parametrization. As we noted in §4.4 we can assume
without loss of generality that this parametrization is oriented. Mak-
ing this assumption, we’ll define

(4.5.2) /W w= /WO ohw
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where Wy = 1 (U N W). Notice that if p*w = fdzy A -+ A doy,
then, by assumption, f is in C5°(Up). Hence since

/ Yow = fdxy...dx,
Wo Wo

and since f is a bounded continuous function and is compactly sup-
ported the Riemann integral on the right is well-defined. (See Ap-
pendix B.) Moreover, if ¢ : Uy — U is another oriented parametriza-
tion of U and ¢ : Uy — Uj is the map, ¢ = gol_logpo then ¢y = w10,
so by Proposition 4.3.3

pow =P piw.
Moreover, by (4.3.5) v is orientation preserving. Therefore since
Wi =9(Wo) =1 (UNW)

Theorem 3.5.2 tells us that

(4.5.3) /cp’{w:/ Pow -
Wi Wo

Thus the definition (4.5.2) is a legitimate definition. It doesn’t de-
pend on the parametrization that we use to define the integral on
the right. From the usual additivity properties of the Riemann in-
tegral one gets analogous properties for the integral (4.5.2). Namely
for w; € QX(U), 1 =1,2

(4.5.4) /wl —i—wg:/ w1+/ wo
W w W

and for w € Q(U) and c € R

(45.5) [oow=c| o

We will next show how to define the integral (4.5.1) for any com-
pactly supported n-form. This we will do in more or less the same
way that we defined improper Riemann integrals in Appendix B: by
using partitions of unity. We’ll begin by deriving from the partition
of unity theorem in Appendix B a manifold version of this theorem.
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Theorem 4.5.1. Let
(4.5.6) U={U,,a€T}

be a covering of X be open subsets. Then there exists a family of
functions, p; € Cg°(X), i =1,2,3,..., with the properties

(a) pi = 0.

(b) For every compact set, C C X there exists a positive inte-
ger N such that if i > N, suppp; N C = (.

(¢) 2pi=1.

(d) For every i there exists an o € T such that supp p; C U,.

Remark 4.5.2. Conditions (a)—-(c) say that the p;’s are a partition
of unity and (d) says that this partition of unity is subordinate to the
covering (4.5.6).

Proof. To simplify the proof a bit we’ll assume that X is a closed
subset of RY. For each U, choose an open subset, O, in RY with

(4.5.7) Uy = 0u N X

and let O be the union of the O,’s. By the theorem in Appendix B
that we cited above there exists a partition of unity, p; € C5°(O),
i =1,2,..., subordinate to the covering of O by the O,’s. Let p; be
the restriction of p; to X. Since the support of p; is compact and X
is closed, the support of p; is compact, so p; € C5°(X) and it’s clear
that the p;’s inherit from the p;’s the properties (a)—(d).

O

Now let the covering (4.5.6) be any covering of X by parametriz-
able open sets and let p; € C§°(X), i = 1,2,..., be a partition of
unity subordinate to this covering. Given w € Q7(X) we will define
the integral of w over W by the sum

(4.5.8) ; /W piw .

Note that since each p; is supported in some U, the individual sum-
mands in this sum are well-defined and since the support of w is com-
pact all but finitely many of these summands are zero by part (b)
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of Theorem 4.5.1. Hence the sum itself is well-defined. Let’s show
that this sum doesn’t depend on the choice of U and the p;’s. Let
U’ be another covering of X by parametrizable open sets and p;,
j=1,2,..., a partition of unity subordinate to U’. Then

(4.5.9) Z /W fw = Z /ng:p;piw
“T(Th)

by (4.5.4). Interchanging the orders of summation and resuming with
respect to the j’s this sum becomes

I
> /W;W

or

2L

Hence
/
Piw = / piw ,
ot =X o
so the two sums are the same. O
From (4.5.8) and (4.5.4) one easily deduces
Proposition 4.5.3. Forw; € Q) (X), 1 =1,2

(4.5.10) /Wl —|—w2:/ w1+/ w9y
w w w

and for w € QF(X) and c € R

(4.5.11) /W cw = c/Ww.

The definition of the integral (4.5.1) depends on the choice of an
orientation of X, but it’s easy to see how it depends on this choice.
We pointed out in Section 4.4 that if X is connected, there is just one
way to orient it smoothly other than by its given orientation, namely
by reversing the orientation of T), at each point, p, and it’s clear from
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the definitions (4.5.2) and (4.5.8) that the effect of doing this is to
change the sign of the integral, i.e., to change fX w to — fX w.

In the definition of the integral (4.5.1) we’ve allowed W to be an ar-
bitrary open subset of X but required w to be compactly supported.
This integral is also well-defined if we allow w to be an arbitrary
element of Q"(X) but require the closure of W in X to be compact.
To see this, note that under this assumption the sum (4.5.7) is still
a finite sum, so the definition of the integral still makes sense, and
the double sum on the right side of (4.5.9) is still a finite sum so it’s
still true that the definition of the integral doesn’t depend on the
choice of partitions of unity. In particular if the closure of W in X
is compact we will define the volume of W to be the integral,

(4.5.12) vol(W) = /W Ovol »

where 0 is the Riemannian volume form and if X itself is compact
we’ll define its volume to be the integral

(4.5.13) Vol(X):/Xavol.

We’ll next prove a manifold version of the change of variables
formula (3.5.1).

Theorem 4.5.4. Let X' and X be oriented n-dimensional manifolds
and f : X' — X an orientation preserving diffeomorphism. If W is
an open subset of X and W' = f~1(W)

(4.5.14) ffw= / w
w’ w
for allw € Q7 (X).

Proof. By (4.5.8) the integrand of the integral above is a finite sum
of C*° forms, each of which is supported on a parametrizable open
subset, so we can assume that w itself as this property. Let V' be
a parametrizable open set containing the support of w and let ¢q :
U — V be an oriented parameterization of V. Since f is a diffeomor-
phism its inverse exists and is a diffeomorphism of X onto X;. Let
V' = f~Y(V) and ¢, = f~L o pp. Then ¢f, : U — V' is an oriented
parameterization of V'. Moreover, f o @) = ¢q so if Wy = ¢y (W)
we have

Wo = (¢0) " (fH(W)) = (¢p) ™ (W)
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and by the chain rule we have

pow = (foyp)w=(py) frw
hence
[ o= [ e[ wra=[ ro
w Wo Wo w’
O
Exercise.

Show that if f: X’ — X is orientation reversing

(4.5.15) W’f w= —/Ww.

We’ll conclude this discussion of “integral calculus on manifolds”
by proving a preliminary version of Stokes theorem.

Theorem 4.5.5. If u is in Q2" Y(X) then

(4.5.16) / dp=0.
X

Proof. Let p;, i = 1,2,... be a partition of unity with the property
that each p; is supported in a parametrizable open set U; = U.
Replacing p by p;p it suffices to prove the theorem for u € Q=1(U).
Let ¢ : Uy — U be an oriented parametrization of U. Then

/duz/ w*duz/ dp* =10
U Uy Uo

by Theorem 3.3.1.

Exercises.

1.  Let f:R™ — R be a C* function and let
X:{($7xn+1) 6Rn+17 Tn+1 :f(.%')}

be the graph of f. Let’s orient X by requiring that the diffeomor-
phism
e:R" = X, z— (z f(x))
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be orientation preserving. Given a bounded open set U in R" com-
pute the Riemannian volume of the image

Xy =¢(U)
of U in X as an integral over U. Hint: §4.5, exercise 5.

2. Evaluate this integral for the open subset, X, of the paraboloid,
z3 = 2% + 23, U being the disk 2% + 23 < 2.

3.  In exercise 1 let ¢ : X — R™*! be the inclusion map of X onto
R+

(a) Ifw € Q*(R") is the n-form, x, 1 dz1 A---A dz,, what is the
integral of t*w over the set X7 Express this integral as an integral
over U.

(b) Same question for w = x%H dxi N -+ Ndxy,.

(¢) Same question for w = dzi A+ A dx,.

4.  Let f:R™ — (0,400) be a positive C* function, U a bounded
open subset of R™, and W the open set of R"t! defined by the
inequalities

0 <apt1 < f(:L‘l, C ,:L'n)

and the condition (z1,...,z,) € U.

(a) Express the integral of the (n + 1)-form w = x41dxy A -+ A
dx,4+1 over W as an integral over U.

(b) Same question for w = aziﬂ dry AN+ AN dopyq.

(c) Same question for w =dzq A--- A daxy,

5.  Integrate the “Riemannian area” form
r1dro N drs + xodxs A dxy + x3dry N drg

over the unit 2-sphere S2. (See §4.5, exercise 8.)
Hint: An easier problem: Using polar coordinates integrate w =
x3dzy A dzo over the hemisphere, z3 = /1 — 2% — 3, 2?4+ < 1.

6. Let a be the one-form ) ", y;dz; in formula (2.7.2) and let
v(t),0 <t <1, beatrajectory of the Hamiltonian vector field (2.7.3).
What is the integral of a over ~(t)?
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4.6 Stokes theorem and the divergence theorem

Let X be an oriented n-dimensional manifold and D C X a smooth
domain. We showed in §4.4 that if Z is the boundary of D it acquires
from D a natural orientation. Hence if ¢+ : Z — X is the inclusion
map and g is in Q771(X), the integral

fo
Z

is well-defined. We will prove:

Theorem 4.6.1 (Stokes theorem). For p € QF~1(X)

(4.6.1) /Z = /D .

Proof. Let p;, i =1,2,..., be a partition of unity such that for each
1, the support of p; is contained in a parametrizable open set, U; = U,
of one of the following three types:

(a) UCIntD.
(b) U C ExtD.

(¢) There exists an open subset, Uy, of R™ and an oriented
D-adapted parametrization

(4.6.2) p:Uy—U.

Replacing p by the finite sum ) p;u it suffices to prove (4.6.1) for
each p;u separately. In other words we can assume that the support
of p itself is contained in a parametrizable open set, U, of type (a),
(b) or (c). But if U is of type (a)

/d,u:/du:/d,u
D U X

and ¢ = 0. Hence the left hand side of (4.6.1) is zero and, by
Theorem 4.5.5, the right hand side is as well. If U is of type (b) the
situation is even simpler: (*u is zero and the restriction of y to D
is zero, so both sides of (4.6.1) are automatically zero. Thus one is
reduced to proving (4.6.1) when U is an open subset of type (c).
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In this case the restriction of the map (4.6.1) to Uy N BdH" is an
orientation preserving diffeomorphism

(4.6.3) b :UyNBdH" - UNZ
and
(4.6.4) Lz 0O = Qo ign-1

where the maps ¢ = 1z and
tgn—1 : R R?

are the inclusion maps of Z into X and BdH" into R™. (Here we're
identifying BdH"™ with R"~1.) Thus

/du /cpdu /dsou
n Hn

* k%
/ Lz = Vg
A Rn—1
2/ Lpn—1@" L
n—1

= / Lin,1 (’D*M .
BdH™

Thus it suffices to prove Stokes theorem with u replaced by ¢*pu, or,
in other words, to prove Stokes theorem for H"; and this we will now
do.

Stokes theorem for H™: Let

p=3 (V) fder A Adzg Ao A da,.

and by (4.6.4)

Then

dp = Z gfl dri N -+ A dxy,

Xq
and

Lotn=3 [ Gt don
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We will compute each of these summands as an iterated integral
doing the integration with respect to dz; first. For ¢ > 1 the dx;
integration ranges over the interval, —oco < z; < oo and hence since
fi is compactly supported

0o afz T;=+00

—dl‘i:fi(l‘l,...,l'i,...,l'n) =0.

—00 axl T;—=—00

On the other hand the dz; integration ranges over the integral,
—o0o < x1 < 0 and

0
0
_ooa—iidwl = f(0,zq,...,2,).

Thus integrating with respect to the remaining variables we get

(4.6.5) / dp = / fO,29,...,xy)dxy. .. doy, .
n Rnfl
On the other hand, since tg,_121 =0 and g,y 7; = x; for i > 1,

tpn—1pt = f1(0,22,...,2n)dxa A -+ A dxy

SO

(4.6.6) /L]Enl,u = /f(O,mg,...,:z:n)dacQ e dxy, .

Hence the two sides, (4.6.5) and (4.6.6), of Stokes theorem are equal.
O

One important variant of Stokes theorem is the divergence theo-
rem: Let w be in Q7(X) and let v be a vector field on X. Then

Lyw = 1(v)dw + di(v)w = di(v)w,

hence, denoting by ¢z the inclusion map of Z into X we get from
Stokes theorem, with p = ¢(v)w:

Theorem 4.6.2 (The manifold version of the divergence theorem).

(4.6.7) /D Low= /Z G (w)w)
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If D is an open domain in R™ this reduces to the usual divergence
theorem of multi-variable calculus. Namely if w = dzq A -+ A dxy,
and v =) Uiaixi then by (2.4.14)

Lydzy A+ A dxyy = div(v)dzy A -+ A doy,

where

(4.6.8) dmmzzjg?

Thus if Z is the boundary of D and ¢z the inclusion map of Z into
Rn

(4.6.9) / div(v) dx = / Uy (tydxy A+ A dxy,) .
D z

The right hand side of this identity can be interpreted as the “flux”
of the vector field, v, through the boundary of D. To see this let
f i R™ — R be a C* defining function for D, i.e., a function with
the properties

(4.6.10) peD < f(p) <0
and
(4.6.11) dfp #0if p € BdD.

This second condition says that zero is a regular value of f and hence
that Z = BdD is defined by the non-degenerate equation:

peZ<« f(p)=0.

Let w be the vector field
0f\2\ = 0f; 0

In view of (4.6.11) this vector field is well-defined on a neighborhood,
U, of Z and satisfies

(4.6.12) vw)df =1.
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Now note that since df A dx1 A--- A dx, =0

0=(w)(df A dzy A--- A dxy,)
= (L(w)df)dxy N+ N dxy — df AN(w)dzy A+ A day,
=dri N+ A dxy, — df AN(w)dxey A+ A dxy,,

hence letting v be the (n — 1)-form ¢(w)dxy A --- A dz,, we get the
identity

(4.6.13) dry NN dx, = df Nv

and by applying the operation, ¢(v), to both sides of (4.6.13) the
identity

(4.6.14) v)dzy A+ N day, = (L f)v — df A (v)r.

Let vz = ;v be the restriction of v to Z. Since v, = 0, ¢, df =0
and hence by (4.6.14)

vz(v)day Ao A dan) = vz (Lo vz,

and the formula (4.6.9) now takes the form

(4.6.15) /D div(v) dz = / Lofvy

Z

where the term on the right is by definition the flux of v through Z.
In calculus books this is written in a slightly different form. Letting

. <z<§f>)

and letting

N

(2 (2))

of  of
<a_xl’”' ’a_xn>

and

we have
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LUI/Z = (’f_i . ’(7)0‘2

and hence
(4.6.16) / div(v) dz = /(ﬁ-ﬁ’)az.
D A

In three dimensions oz is just the standard “infinitesimal element of
area” on the surface Z and n, the unit outward normal to Z at p,
so this version of the divergence theorem is the version one finds in
most calculus books.

As an application of Stokes theorem, we’ll give a very short alter-
native proof of the Brouwer fixed point theorem. As we explained in
§3.6 the proof of this theorem basically comes down to proving

Theorem 4.6.3. Let B" be the closed unit ball in R™ and S™! its
boundary. Then the identity map
idSnfl : Sn_l — Sn_l
can’t be extended to a C*° map
f:B"— 5"

Proof. Suppose that f is such a map. Then for every n — 1-form,
e Qn—l(sn—1)7

(4.6.17) df*u = / (bgn—1)"f 1.
Br gn—1

But df*u = f*du = 0 since p is an (n — 1)-form and ™! is an (n —
1)-dimensional manifold, and since f is the identity map on S™~!
(s, )" f*u = (fotgn)u = p Thus for every pu € Q" 1(S"1),
(4.6.17) says that the integral of 4 over S™"~! is zero. Since there are
lots of (n — 1)-forms for which this is not true, this shows that a

mapping, f, with the property above can’t exist.
O

Exercises.

1. Let B™ be the open unit ball in R” and S"~! the unit (n —
1)-sphere, Show that volume (S™"~!) = nvolume (B"). Hint: Apply
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Stokes theorem to the (n—1)-form g = > (=1)"ta;dzi A+ A dz; A
-+ A dz,, and note (§4.4, exercise 9) that p is the Riemannian volume
form of S~ 1.

2. Let D C R™ be a smooth domain with boundary Z. Show
that there exists a neighborhood, U, of Z in R™ and a C* defining
function, g : U — R for D with the properties

(I) peUND<=g(p) <0.
and

(Il) dg, #0ifpe Z

Hint: Deduce from Theorem 7?7 that a local version of this result
is true. Show that you can cover Z by a family

U={Us,acT}

of open subsets of R™ such that for each there exists a function,
o : Uy — R, with properties (I) and (IT). Now let p;, i = 1,2,...,
be a partition of unity and let g = > piga, where supp p; C U,,.

3. In exercise 2 suppose Z is compact. Show that there exists a
global defining function, f : R™ — R for D with properties (I) and
(I). Hint: Let p € C°(U), 0 < p < 1, be a function which is one on
a neighborhood of Z, and replace g by the function

pg + (1 — p)onext D
f=4qgonZ
p—g(l—p)onint D.

4. Show that the form L, fvz in formula (4.6.15) doesn’t depend
on what choice we make of a defining function, f, for D. Hints:

(a) Show that if g is another defining function then, at p € Z,
df, = Adgp,, where X is a positive constant.

(b) Show that if one replaces df, by (dg), the first term in the
product, (L, f)(p)(vz), changes by a factor, A, and the second
term by a factor 1/\.

5. Show that the form, vz, is intrinsically defined in the sense
that if v is any (n — 1)-form satisfying (4.6.13), vz is equal to ¢} v.
Hint: §4.5, exercise 7.
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6. Show that the form, oz, in the formula (4.6.16) is the Rieman-
nian volume form on Z.

7. Show that the (n — 1)-form
p= (34 + mi)_"Z(—l)r_lznr dzy A+ A day -+ day,

is closed and prove directly that Stokes theorem holds for the annulus
a < z? 4 --- 4+ 22 < b by showing that the integral of u over the
sphere, x% + -+ + 22 = a, is equal to the integral over the sphere,
224 422 =b

8. Let f:R"™! — R be an everywhere positive C* function and
let U be a bounded open subset of R"~!. Verify directly that Stokes
theorem is true if D is the domain

0<zp < flz1,...,2n-1), (T1,...,Zp-1) €U
and p an (n — 1)-form of the form
(X1, xp)dey A A dag—q
where ¢ is in C§°(R"™).

9. Let X be an oriented n-dimensional manifold and v a vector
field on X which is complete. Verify that for w € Q7(X)

/va:(),
X

(a) directly by using the divergence theorem,

(b) indirectly by showing that

foe

where f; : X — X, —00 < t < 00, is the one-parameter group
of diffeomorphisms of X generated by v.

10. Let X be an oriented n-dimensional manifold and D C X a
smooth domain whose closure is compact. Show that if Z is the
boundary of D and ¢ : Z — Z a diffeomorphism, g can’t be extended
to a smooth map, f: D — Z.
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4.7 Degree theory on manifolds

In this section we’ll show how to generalize to manifolds the results
about the “degree” of a proper mapping that we discussed in Chap-
ter 3. We’ll begin by proving the manifold analogue of Theorem 3.3.1.

Theorem 4.7.1. Let X be an oriented connected n-dimensional
manifold and w € QF(X) a compactly supported n-form. Then the
following are equivalent

(a) [yw=0.
(b) w = du for some p € Q2 HX).

We've already verified the assertion (b) = (a) (see Theorem ?7),
so what is left to prove is the converse assertion. The proof of this
is more or less identical with the proof of the “(a) = (b)” part of
Theorem 3.2.1:

Step 1. Let U be a connected parametrizable open subset of X.
If w € Q*(U) has property (a), then w = du for some p € QP~1(U).

Proof. Let ¢ : Uy — U be an oriented parametrization of U. Then

/ go*w:/wzo
Uy X

and since Uy is a connected open subset of R”, p*w = dv for some
v € Q" YUy) by Theorem 3.3.1. Let p = (o~ 1)*v. Then du =
(™) dv = w.

O

Step 2. Fix a base point, pg € X and let p be any point of X. Then
there exists a collection of connected parametrizable open sets, W,
1=1,...,N with pg € Wy and p € Wy such that, for 1 <i< N—1,
the intersection of W; and W1 is non-empty.

Proof. The set of points, p € X, for which this assertion is true is
open and the set for which it is not true is open. Moreover, this
assertion is true for p = pq.

O
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Step 3. We deduce Theorem 4.7.1 from a slightly stronger result.
Introduce an equivalence relation on Q7(X) by declaring that two
n-forms, wy and wo, in Q7(X) are equivalent if w1 —wy € dQ?~H(X).
Denote this equivalence relation by a wiggly arrow: wi ~ ws. We will
prove

Theorem 4.7.2. For wy and wy € Q7 (X) the following are equiva-
lent

(Cl) wal :wa2
(b) w1 ~ wy.

Applying this result to a form, w € QI (X), whose integral is zero,
we conclude that w ~ 0, which means that w = du for some p €
On=Y(X). Hence Theorem 4.7.2 implies Theorem 4.7.1. Conversely,
if fX W) = fX wy. Then fX(wl —wy) =0, s0 wy —wy = du for some
e QP (X). Hence Theorem 4.7.1 implies Theorem 4.7.2.

Step 4. By a partition of unity argument it suffices to prove The-
orem 4.7.2 for wy € QF(U;) and wy € QF(Uz) where Uy and Uy are
connected parametrizable open sets. Moreover, if the integrals of wy
and wy are zero then w; = du; for some p; € Q7 (U;) by step 1, so in
this case, the theorem is true. Suppose on the other hand that

/lez/xwgzc;éo.

Then dividing by ¢, we can assume that the integrals of w; and wo
are both equal to 1.

Step 5. Let W;, i = 1,...,N be, as in step 2, a sequence of
connected parametrizable open sets with the property that the in-
tersections, W1 NUy, Wy NUy and W; "W, 1, i=1,...,N — 1, are
all non-empty. Select n-forms, ag € QYU NW1), ay € Q2 (WyNUs)
and o; € QP(W; N W;gq1),i=1,...,N — 1 such that the integral of
each «; over X is equal to 1. By step 1 Theorem 4.7.1 is true for
U1, Uy and the W;’s, hence Theorem 4.7.2 is true for Uy, Uy and the
W;’s, so

wlNaONalN”'NaNNw2

and thus wi ~ ws. O
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Just as in (3.4.1) we get as a corollary of the theorem above the
following “definition—theorem” of the degree of a differentiable map-

ping:

Theorem 4.7.3. Let X and Y be compact oriented n-dimensional
manifolds and let Y be connected. Given a proper C* mapping, [ :
X =Y, there exists a topological invariant, deg(f), with the defining
property:

(4.7.1) /Xf*w:degf/yw.

Proof. As in the proof of Theorem 3.4.1 pick an n-form, wy € Q2 (Y),
whose integral over Y is one and define the degree of f to be the
integral over X of f*wy, i.e., set

(4.7.2) deg(f):/xf*wo.

Now let w be any n-form in Q7(Y") and let

(4.7.3) /Yw =c.

Then the integral of w — cwg over Y is zero so there exists an (n—1)-
form, g, in Q2= 1Y) for which w — cwp = du. Hence f*w = cf*wo +

df*u, so
[ rame ] ravanin [ -

by (4.7.2) and (4.7.3).
O

It’s clear from the formula (4.7.1) that the degree of f is indepen-
dent of the choice of wq. (Just apply this formula to any w € Q2 (Y)
having integral over Y equal to one.) It’s also clear from (4.7.1) that
“degree” behaves well with respect to composition of mappings:

Theorem 4.7.4. Let Z be an oriented, connected n-dimensional
manifold and g : Y — Z a proper C*° map. Then

(4.7.4) deggo f = (deg f)(degg).
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Proof. Let w be an element of Q7 (Z) whose integral over Z is one.
Then

deggofz/x(gof)*w - /f ogw—deff/gw

= (deg f)(degyg).
O

We will next show how to compute the degree of f by generalizing

to manifolds the formula for deg(f) that we derived in §3.6.
Definition 4.7.5. A point, p € X is a critical point of [ if the map

(4.7.5) dfp : Ty X — Typ)Y

s not bijective.

We'll denote by C'y the set of all critical points of f, and we’ll call
a point ¢ € Y a critical value of f if it is in the image, f(Cy), of
Cy and a regular value if it’s not. (Thus the set of regular values
is the set, Y — f(Cy).) If ¢ is a regular value, then as we observed
in §3.6, the map (4.7.5) is bijective for every p € f~!(q) and hence
by Theorem 4.2.5, f maps a neighborhood U, of p diffeomorphically
onto a neighborhood, V), of ¢. In particular, Upﬂf_l(q) = p. Since f
is proper the set f~!(g) is compact, and since the sets, U,, are a cov-
ering of f~1(gq), this covering must be a finite covering. In particular
the set f~!(q) itself has to be a finite set. As in §2.6 we can shrink
the Up’s so as to insure that they have the following properties:

(i) Each U, is a parametrizable open set.
(ii) UpN U,y is empty for p # p'.

(iii) f(Up) = f(Uy) =V for all p and p'.
(iv) V is a parametrizable open set.

(

v) f7HV)=UUp p € fH(a)-

To exploit these properties let w be an n-form in Q2(V) with
integral equal to 1. Then by (v):

dee(r) = [ fro=3 [ ru
p
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But f: U, — V is a diffeomorphism, hence by (4.5.14) and (4.5.15)

-

if f:U, — V is orientation preserving and

f*w:—/w
Uy v

if f:U, — V is orientation reversing. Thus we’ve proved

Theorem 4.7.6. The degree of [ is equal to the sum

(4.7.6) > oy

pEf~1(q)

where o, = +1 if the map (4.7.5) is orientation preserving and o, =
—1 if it is orientation reversing.

We will next show that Sard’s Theorem is true for maps between
manifolds and hence that there exist lots of regular values. We first
observe that if U is a parametrizable open subset of X and V a
parametrizable open neighborhood of f(U) in Y, then Sard’s Theo-
rem is true for the map, f : U — V since, up to diffeomorphism, U
and V are just open subsets of R™. Now let ¢ be any point in Y, let B
be a compact neighborhood of ¢, and let V' be a parametrizable open
set containing B. Then if A = f~!(B) it follows from Theorem 3.4.2
that A can be covered by a finite collection of parametrizable open
sets, Uy, ...,Uyn such that f(U;) C V. Hence since Sard’s Theorem
is true for each of the maps f: U; — V and f~!(B) is contained in
the union of the U;’s we conclude that the set of reqular values of f
intersects the interior of B in an open dense set. Thus, since ¢ is an
arbitrary point of Y, we’ve proved

Theorem 4.7.7. If X and Y are n-dimensional manifolds and f :
X — Y is a proper C*° map the set of reqular values of f is an open
dense subset of Y.

Since there exist lots of regular values the formula (4.7.6) gives us
an effective way of computing the degree of f. We’ll next justify our
assertion that deg(f) is a topological invariant of f. To do so, let’s
generalize to manifolds the Definition 2.5.1, of a homotopy between
C® maps.
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Definition 4.7.8. Let X and Y be manifolds and f; : X — Y,
1=0,1, a C*® map. A C* map

(4.7.7) F:Xx[0,1]—Y

is a homotopy between fo and fy if, for all x € X, F(x,0) = fo(x)
and F(z,1) = fi(x). Moreover, if fo and fi are proper maps, the
homotopy, F', is a proper homotopy if it is proper as a C* map,
i.e., for every compact set, C, of Y, F~Y(C) is compact.

Let’s now prove the manifold analogue of Theorem 3.6.8.

Theorem 4.7.9. Let X and Y be oriented n-dimensional manifolds
and let Y be connected. Then if f; : X — Y, i =0,1,, is a proper
map and the map (4.7.4) is a property homotopy, the degrees of these
maps are the same.

Proof. Let w be an n-form in Q7(Y") whose integral over Y is equal
to 1, and let C' be the support of w. Then if F' is a proper homotopy
between fy and fi, the set, F~(C), is compact and its projection
on X

(4.7.8) {z e X; (x,t) € F}C) for some t € [0,1]}

is compact. Let
ft: X—>Y

be the map: fi(x) = F(z,t). By our assumptions on F, f; is a proper
C> map. Moreover, for all ¢ the n-form, f/w is a C* function of ¢
and is supported on the fixed compact set (4.7.8). Hence it’s clear
from the Definition 4.6.8 that the integral

[

is a C* function of t. On the other hand this integral is by definition
the degree of f; and hence by Theorem 4.7.3 is an integer, so it
doesn’t depend on t. In particular, deg(fo) = deg(f1).

O

Exercises.

1. Let f:R — R be the map, z — ™. Show that deg(f) =0ifn
is even and 1 if n is odd.
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2.  Let f: R — R be the polynomial function,
fl@)=a"+aiz" "+ +an 17+ an,

where the a;’s are in R. Show that if n is even, deg(f) = 0 and if n
is odd, deg(f) = 1.

3. Let S! be the unit circle

{e 0<6<2rm}

0 NGO

7
— e R

in the complex plane and let f : S' — S! be the map, e
N being a positive integer. What’s the degree of f7

4. Let S ! be the unit sphere in R™ and ¢ : S"~! — 877! the
antipodal map, x — —z. What’s the degree of o7

5.  Let A be an element of the group, O(n) of orthogonal n x n
matrices and let

fA . Sn—l N Sn—l
be the map, © — Az. What’s the degree of f4?

6. A manifold, Y, is contractable if for some point, pg € Y, the
identity map of Y onto itself is homotopic to the constant map,
fpo 1Y =Y, fpo(y) = po. Show that if Y is an oriented contractable
n-dimensional manifold and X an oriented connected n-dimensional
manifold then for every proper mapping f: X — Y deg(f) =0. In
particular show that if n is greater than zero and Y is compact then
Y can’t be contractable. Hint: Let f be the identity map of Y onto
itself.

7. Let X and Y be oriented connected n-dimensional manifolds
and f : X — Y a proper C* map. Show that if deg(f) # 0 f is
surjective.

8.  Using Sard’s Theorem prove that if X and Y are manifolds of
dimension k£ and /¢, with ¥ < £ and f: X — Y is a proper C* map,
then the complement of the image of X in Y is open and dense.
Hint: Let r = ¢ — k and apply Sard’s Theorem to the map

g: X xS" =Y, g(xa) = f(x).

9. Prove that the sphere, S?, and the torus, S' x S2, are not
diffeomorphic.
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4.8 Applications of degree theory

The purpose of this section will be to describe a few typical ap-
plications of degree theory to problems in analysis, geometry and
topology. The first of these applications will be yet another variant
of the Brouwer fixed point theorem.

Application 1. Let X be an oriented (n+ 1)-dimensional manifold,
D C X a smooth domain and Z the boundary of D. Assume that
the closure, D = Z U D, of D is compact (and in particular that X
is compact).

Theorem 4.8.1. Let Y be an oriented connected n-dimensional
manifold and f : Z — Y a C* map. Suppose there exists a C™
map, F': D — 'Y whose restriction to Z is f. Then the degree of f
18 zero.

Proof. Let p be an element of Q7(Y). Then du = 0, so dF*p =
F*du = 0. On the other hand if + : Z — X is the inclusion map,

/DdF*uz/ZL*F*uz/Zf*uzdeg(f)/Yu

by Stokes theorem since F ot = f. Hence deg(f) has to be zero.
O

Application 2. (a non-linear eigenvalue problem)

This application is a non-linear generalization of a standard theo-
rem in linear algebra. Let A : R™ — R" be a linear map. If n is even,
A may not have real eigenvalues. (For instance for the map

A2R2_}R27 (wvy)_)(_yax)

the eigenvalues of A are +1/—1.) However, if n is odd it is a standard
linear algebra fact that there exists a vector, v.€ R™ — {0}, and a
A € R such that Av = Av. Moreover replacing v by |z—| one can
assume that |v| = 1. This result turns out to be a special case of a

much more general result. Let S”~! be the unit (n — 1)-sphere in R”
and let f:S"~! — R™ be a C* map.

Theorem 4.8.2. There exists a vector, v € S™ ' and a number
A € R such that f(v) = Av.



4.8 Applications of degree theory 209

Proof. The proof will be by contradiction. If the theorem isn’t true
the vectors, v and f(v), are linearly independent and hence the vector

(4.8.1) g(v) = f(v) = (f(v) - v)v
is non-zero. Let

_9v)
(4.8.2) h(v) = ok

By (4.8.1)—(4.8.2), |v| = |h(v)| =1 and v - h(v) = 0, i.e., v and h(v)
are both unit vectors and are perpendicular to each other. Let

(4.8.3) e STt snT o<t <
be the map
(4.8.4) Ye(v) = (cos mt)v + (sinwt)h(v) .

For ¢t = 0 this map is the identity map and for ¢ = 1, it is the
antipodal map, o(v) = v, hence (4.8.3) asserts that the identity map
and the antipodal map are homotopic and therefore that the degree
of the antipodal map is one. On the other hand the antipodal map
is the restriction to S"~1 of the map, (z1,...,7,) — (—21,..., —2y)
and the volume form, w, on ™! is the restriction to S™"! of the
(n — 1)-form

(4.8.5) ST aydag A Adai A A day

If we replace x; by —z; in (4.8.5) the sign of this form changes by
(—1)™ hence 0*w = (—1)"w. Thus if n is odd, o is an orientation
reversing diffeomorphism of S"~! onto S"~!, so its degree is —1,
and this contradicts what we just deduced from the existence of the
homotopy (4.8.4).

O

From this argument we can deduce another interesting fact about
the sphere, "', when n— 1 is even. For v € S"~! the tangent space
to "1 at v is just the space,

{v,w); weR" v-w=0},
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so a vector field on S"! can be viewed as a function, g : S"7! — R"

with the property
(4.8.6) g(v)-v=0

for all v € S™~1. If this function is non-zero at all points, then,
letting A be the function, (4.8.2), and arguing as above, we're led to
a contradiction. Hence we conclude:

Theorem 4.8.3. Ifn—1 is even and v is a vector field on the sphere,
S"L then there exists a point p € S"™1 at which v(p) =0.

Note that if n — 1 is odd this statement is not true. The vector
field

) 0 0 9
(4.8.7) mla—m — :Uga—g:l 4+ xzn—18$2n - xmm

is a counterexample. It is nowhere vanishing and at p € S" 7! is
tangent to S 1.

Application 3. (The Jordan—Brouwer separation theorem.) Let X
be a compact oriented (n — 1)-dimensional submanifold of R". In
this subsection of §4.8 we’ll outline a proof of the following theorem
(leaving the details as a string of exercises).

Theorem 4.8.4. If X is connected, the complement of X : R" — X
has exactly two connected components.

This theorem is known as the Jordan-Brouwer separation theorem
(and in two dimensions as the Jordan curve theorem). For simple,
easy to visualize, submanifolds of R" like the (n—1)-sphere this result
is obvious, and for this reason it’s easy to be misled into thinking of
it as being a trivial (and not very interesting) result. However, for
submanifolds of R™ like the curve in R? depicted in the figure below
it’s much less obvious. (In ten seconds or less, is the point, p, in this
figure inside this curve or outside?)

Figure . Guillemin-Pollack, p. 86 fig. 2-19
To determine whether a point, p € R™ — X is inside X or outside

X, one needs a topological invariant to detect the difference, and
such an invariant is provided by the “winding number”.
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Definition 4.8.5. For p € R" — X let

(4.8.8) Yp: X — S
be the map

r—p
4.8.9 )= ——.
( ) ’Vp( ) ’1’ - p’

The winding number of X about p is the degree of this map.

Denoting this number by W (X, p) we will show below that W (X, p) =
0 if p is outside X and W (X, p) = +1 (depending on the orientation
of X) if p is inside X, and hence that the winding number tells us
which of the two components of R™ — X, p is contained in.

Exercise 1.

Let U be a connected component of R™ — X. Show that if pg and
p1 are in U, W(X,pg) = W(X,p1).
Hints:

(a) First suppose that the line segment,
pe=1—-tpo+tp1, 0<t<1

lies in U. Conclude from the homotopy invariance of degree
that W (X,po) = W(X,p:) = W(X, p1).

(b) Show that there exists a sequence of points
g, t=1,....N, q €U,
with ¢ = pg and gy = p1, such that the line segment joining

q; to qi+1 is in U.

Exercise 2.

Show that R™ — X has at most two connected components.
Hints:

(a) Show that if ¢ is in X there exists a small e-ball, B.(q),
centered at ¢ such that B.(q) — X has two components. (See
Theorem ?7.
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(b) Show that if p is in R™ — X, there exists a sequence
Qi7i:17"'7N7 QZGRH_X7

such that g1 = p, qn € Be(q) and the line segments joining g¢;
to g;11 are in R™ — X.

Exercise 3.

For v € 57!, show that # € X is in 7, (v) if and only if z lies
on the ray

(4.8.10) p+itv, 0<t<oo.

Exercise 4.

Let x € X be a point on this ray. Show that
(4.8.11) (dvp)e : TyX — Ty S™

is bijective if and only if v ¢ T, X, i.e., if and only if the ray (4.8.10)
is not tangent to X at x. Hint: v, : X — S™~1 is the composition
of the maps

(4.8.12) 7: X —=>R"—{0}, z—z—0p,
and
(4.8.13) TR {0} - S"L, oy ’%‘ .

Show that if 7(y) = v, then the kernel of (dr),, is the one-dimensional
subspace of R” spanned by v. Conclude that if y = z—p and v = y/|y|
the composite map

(dvp)e = (dm)y o (d7p)z
is bijective if and only if v ¢ T, X.

Exercise 5.

From exercises 3 and 4 conclude that v is a regular value of v, if
and only if the ray (4.8.10) intersects X in a finite number of points
and at each point of intersection is not tangent to X at that point.
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Exercise 6.

In exercise 5 show that the map (4.8.11) is orientation preserving
if the orientations of T, X and v are compatible with the standard
orientation of T,R". (See §1.9, exercise 5.)

Exercise 7.

Conclude that deg(v,) counts (with orientations) the number of
points where the ray (4.8.10) intersects X.

Exercise 8.

Let p; € R®™ — X be a point on the ray (4.8.10). Show that if
v € S" 1 is a regular value of Yp, it is a regular value of ~,, and
show that the number

deg(vp) — deg(vp,) = W(X,p) = W(X,p1)

counts (with orientations) the number of points on the ray lying
between p and pi. Hint: Exercises 5 and 7.
Exercise 8.

Let x € X be a point on the ray (4.8.10). Suppose x = p + tv.
Show that if € is a small positive number and

pr=p+(tEteyv
then
W(Xap-l-) = W(X7p—) + 17

and from exercise 1 conclude that p, and p_ lie in different compo-
nents of R™ — X. In particular conclude that R™ — X has exactly two
components.

Exercise 9.
Finally show that if p is very large the difference
p
Yplx) ——, x€X,
p( ) ‘p’

is very small, i.e., 7, is not surjective and hence the degree of v, is
zero. Conclude that for p € R™ — X, p is in the unbounded compo-
nent of R” — X if W(X,p) = 0 and in the bounded component if
W(X,p) = £1 (the “+£” depending on the orientation of X).
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Notice, by the way, that the proof of Jordan—Brouwer sketched
above gives us an effective way of deciding whether the point, p, in
Figure 4.8, is inside X or outside X. Draw a non-tangential ray from
p as in Figure 4.9.2. If it intersects X in an even number of points,
p is outside X and if it intersects X is an odd number of points p
inside.

inside

<)

outside ¢

Figure 4.9.2.

Application 3. (The Gauss—Bonnet theorem.) Let X C R"™ be
a compact, connected, oriented (n — 1)-dimensional submanifold.
By the Jordan—Brouwer theorem X is the boundary of a bounded
smooth domain, so for each x € X there exists a unique outward
pointing unit normal vector, n,. The Gauss map

y:X — 8t
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is the map,  — n,. Let o be the Riemannian volume form of S,
or, in other words, the restriction to S”~! of the form,

Z(—l)i_lwi drqi A -+ @, <o A day, ,

and let ox be the Riemannian volume form of X. Then for each
peX

(4.8.14) (v'o)p = K(p)(ox)q

where K (p) is the scalar curvature of X at p. This number measures
the extent to which “X is curved” at p. For instance, if X, is the
circle, || = a in R?, the Gauss map is the map, p — p/a, so for all
p, Ko(p) = 1/a, reflecting the fact that, for a < b, X, is more curved
than Xj.

The scalar curvature can also be negative. For instance for sur-
faces, X in R3, K (p) is positive at p if X is convez at p and negative
if X is convex—concave at p. (See Figure 4.9.3 below. The surface in
part (a) is convex at p, and the surface in part (b) is convex—concave.)

/
|

T
l

00

Figure 4.9.3.
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Let vol (S~ 1) be the Riemannian volume of the (n — 1)-sphere,
i.e., let

27Tn/2
1 n—1y _
vol (S"77) (/%)
(where I' is the gamma function). Then by (4.8.14) the quotient
[Kox
4.8.15 — ooy
( ) vol (§7—1)

is the degree of the Gauss map, and hence is a topological invariant
of the surface of X. For n = 3 the Gauss—Bonnet theorem asserts
that this topological invariant is just 1 — g where g is the genus
of X or, in other words, the “number of holes”. Figure 4.9.4 gives a
pictorial proof of this result. (Notice that at the points, p1,...,pg4 the
surface, X is convex—concave so the scalar curvature at these points
is negative, i.e., the Gauss map is orientation reversing. On the other
hand, at the point, pg, the surface is convex, so the Gauss map at
this point us orientation preserving.)

surface X ofgenus g thesphere S?

Figure 4.9.4.
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CHAPTER 5

COHOMOLOGY VIA FORMS

5.1 The DeRham cohomology groups of a manifold

In the last four chapters we’ve frequently encountered the question:
When is a closed k-form on an open subset of RY (or, more generally
on a submanifold of RY) exact? To investigate this question more
systematically than we’ve done heretofore, let X be an n-dimensional
manifold and let

(5.1.1) ZFX) = {weQfX);dw=0}

and

(5.1.2) B*¥(X) = {weQfX);wind*1(X)}

be the vector spaces of closed and exact k-forms. Since (5.1.2) is a
vector subspace of (5.1.1) we can form the quotient space

(5.1.3) H*(X) = 7*(X)/B*(X),

and the dimension of this space is a measure of the extent to which
closed forms fail to be exact. We will call this space the k** DeRham
cohomology group of the manifold, X. Since the vector spaces (5.1.1)
and (5.1.2) are both infinite dimensional there is no guarantee that
this quotient space is finite dimensional, however, we’ll show later in
this chapter that it is in lots of interesting cases.

The spaces (5.1.3) also have compactly supported counterparts.
Namely let

(5.1.4) ZEHX) = {weQfX); dvw=0}
and
(5.1.5) B¥YX) = {wefX),windF1(X)}.

Then as above B¥(X) is a vector subspace of Z¥(X) and the vector
space quotient

(5.1.6) HE(X) = Z:(X)/Bé(X)
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is the k™ compactly supported DeRham cohomology group of X.

Given a closed k-form, w € Z*(X), we will denote by [w] the image
of w in the quotient space (5.1.3) and call [w] the cohomology class
of w. We will also use the same notation for compactly supported
cohomology. If w is in Z¥(X) we’ll denote by [w] the cohomology
class of w in the quotient space (5.1.6).

Some cohomology groups of manifolds we’ve already computed in
the previous chapters (although we didn’t explicitly describe these
computations as “computing cohomology”). We’ll make a list below
of some of the things we’ve already learned about DeRham cohomol-

ogy:

1. If X is connected, H°(X) = R. Proof: A closed zero form is
a function, f € C*°(X) having the property, df = 0, and if X is
connected the only such functions are constants.

2. If X is connected and non-compact H?(X) = {0}. Proof: If f
is in C§°(X) and X is non-compact, f has to be zero at some point,
and hence if df = 0 it has to be identically zero.

3. If X is n-dimensional,
Or(X) = Q(X) = {0}
for k less than zero or k greater than n, hence
H*(X) = H¢(X) = {0}
for k less than zero or k greater than n.

4. If X is an oriented, connected n-dimensional manifold, the in-
tegration operation is a linear map

(5.1.7) / QX)) - R

and, by Theorem 4.8.1, the kernel of this map is B'(X). Moreover, in
degree n, Z"(X) = Q(X) and hence by (5.1.6), we get from (5.1.7)
a bijective map

(5.1.8) Ix:H}X)—R.
In other words

(5.1.9) H(X) =R.
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5. Let U be a star-shaped open subset of R". In §2.5, exercises 4—
7, we sketched a proof of the assertion: For k > 0 every closed form,
w € ZF(U) is exact, i.e., translating this assertion into cohomology
language, we showed that

(5.1.10) H*U) = {0} for k> 0.

6. Let U C R" be an open rectangle. In §3.2, exercises 47, we
sketched a proof of the assertion: If w € QF(U) is closed and k is less
than n, then w = du for some (k — 1)-form, u € Q¥1(U). Hence we
showed

(5.1.11) HFU)=0for k <n.

7. Poincaré’s lemma for manifolds: Let X be an n-dimensional
manifold and w € Z¥(X), k > 0 a closed k-form. Then for every
point, p € X, there exists a neighborhood, U of p and a (k — 1)-form
p € QF=1(U) such that w = du on U. Proof: For open subsets of R"
we proved this result in §2.3 and since X is locally diffeomorphic at
p to an open subset of R™ this result is true for manifolds as well.

8. Let X be the unit sphere, S™, in R"*!. Since S™ is compact,
connected and oriented

(5.1.12) H°(S") = H™(S™) = R.

We will show that for k #,0,n
(5.1.13) H*(S™) = {0}.

To see this let w € QF(S™) be a closed k-form and let p = (0,...,0,1) €
S™ be the “north pole” of S™. By the Poincaré lemma there exists
a neighborhood, U, of p in S™ and a k — 1-form, u € Q¥~Y(U) with
w=dponU. Let p e C§°(U) be a “bump function” which is equal
to one on a neighborhood, Uy of U in p. Then

(5.1.14) w; =w — dpp

is a closed k-form with compact support in S™ — {p}. However stere-
ographic projection gives one a diffeomorphism

¢ :R" — S" —{p}
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(see exercise 1 below), and hence p*w; is a closed compactly sup-
ported k-form on R™ with support in a large rectangle. Thus by
(5.1.14) ¢*w = dv, for some v € QF~1(R"), and by (5.1.14)

(5.1.15) w = d(pu+ (¢~ ")v)

with (p~1)*v € QE~1(S"™ — {p}) C QF(S™), so we've proved that for
0 < k < n every closed k-form on S™ is exact.

We will next discuss some “pull-back” operations in DeRham the-
ory. Let X and Y be manifolds and f : X — Y a C* map. For
w € QFY), df*w = f*dw, so if w is closed, f*w is as well. Moreover,
ifw= du, ffw = df*pu, so if w is exact, f*w is as well. Thus we have
linear maps

(5.1.16) f*Z8Y) — ZFX)
and
(5.1.17) f*: B¥Y) - BF(X)

and comparing (5.1.16) with the projection

7 ZF(X) — ZF(X)/B*(X)
we get a linear map
(5.1.18) zkY) - HYX).

In view of (5.1.17), B¥(Y) is in the kernel of this map, so by Theo-
rem 1.2.2 one gets an induced linear map

(5.1.19) fEHRNY) - HRYY),

such that f%o 7 is the map (5.1.18). In other words, if w is a closed
k-form on Y f* has the defining property

(5.1.20) fHw] = [f*w].

This “pull-back” operation on cohomology satisfies the following
chain rule: Let Z be a manifold and g : Y — Z a C*> map. Then if
w is a closed k-form on Z

(gof)w=fg'w
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by the chain rule for pull-backs of forms, and hence by (5.1.20)
(5.1.21) (g0 /W] = FAFlw) -

The discussion above carries over verbatim to the setting of com-
pactly supported DeRham cohomology: If f : X — Y is a proper
C* map it induces a pull-back map on cohomology

(5.1.22) i HRNY) - HF(X)

andif f: X — Y and g:Y — Z are proper C* maps then the chain
rule (5.1.21) holds for compactly supported DeRham cohomology as
well as for ordinary DeRham cohomology. Notice also that if f :
X — Y is a diffeomorphism, we can take Z to be X itself and g to
be f~1, and in this case the chain rule tells us that the maps (5.1.19)
and (5.1.22) are bijections, i.e., H*(X) and H*(Y) and H*(X) and
HE(Y) are isomorphic as vector spaces.

We will next establish an important fact about the pull-back op-
eration, f%; we’ll show that it’s a homotopy invariant of f. Recall
that two C* maps

(5.1.23) fi: X—=Y, i=0,1
are homotopic if there exists a C°° map
F:Xx[0,1] =Y

with the property F(p,0) = fo(p) and F(p,1) = fi(p) for all p € X.
We will prove:

Theorem 5.1.1. If the maps (5.1.23) are homotopic then, for the
maps they induce on cohomology

(5.1.24) fh=rh

Our proof of this will consist of proving this for an important
special class of homotopies, and then by “pull-back” tricks deducing
this result for homotopies in general. Let v be a complete vector field
on X and let

fi: X=X, —co<t<x

be the one-parameter group of diffeomorphisms it generates. Then

F:Xx[0,1 =X, F(pt)= fip),
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is a homotopy between fy and f1, and we’ll show that for this ho-
motopic pair (5.1.24) is true. Recall that for w € QF(X)

(% ft*w> (t=0)= Ly = 1(v) d + di(v)w

and more generally for all ¢

d d
Eft*w = <£f:+tw> (s=0)

- (%(fs oﬁ)*w) (s =0)

d d
— (ghfw) =0 =1 (1) =0
= f/' Lyw

= fiu(v)dw + dffi(v)w.

Thus if we set

(5.1.25) Quw = fli(v)w

we get from this computation:

(5.1.26) %f*w = dQ; + Q¢ dw
and integrating over 0 <t < 1:

(5.1.27) fiw — fow = dQuw + Q dw
where

Q: QF(Y) — QF 1 (X)

is the operator

1
(5.1.28) Qw:/ Quw dt .
0

The identity (5.1.24) is an easy consequence of this “chain homo-
topy” identity. If w is in Z¥(X), dw = 0, so

fiw— fow = dQw
and
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filw] = filw] = [fiw - fow] = 0.
Q.E.D.
We’ll now describe how to extract from this result a proof of The-

orem 5.1.1 for any pair of homotopic maps. We’ll begin with the
following useful observation.

Proposition 5.1.2. If f; : X — Y, i = 0,1, are homotopic C*
mappings there exists a C*° map

F: XxR—=Y

such that the restriction of F' to X x [0,1] is a homotopy between f
and fi.

0, be a bump function which is supported

and is positive at t = % Then

x@z/ldﬁﬁ//ZM$%

is a function which is zero on the interval ¢ < %, is one on the interval
t> %, and, for all ¢, lies between 0 and 1. Now let

Proof. Let p € C°(R), p

>
on the interval, % <t< %

G: X x[0,1] =Y

be a homotopy between fy and fi; and let ' : X x R — Y be the
map

(5.1.29) F(z,t) = G(z,x(1)) .
This is a C*° map and since

F(z,1) = G(z,x(1)) = G(z,1) = fi(z)
and

F(x,0) = G(z,x(0)) = G(z,0) = fo(z),

it gives one a homotopy between fy and fi.
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We’re now in position to deduce Theorem 5.1.1 from the version
of this result that we proved above.
Let
Y : X XR—->XXxR, —oco<t<o

be the one-parameter group of diffeomorphisms
Y(x,a) = (z,a+1)

and let v = 9/0t be the vector field generating this group. For k-
forms, u € QF(X x R), we have by (5.1.27) the identity

(5.1.30) Y —yp=dlp+Tdu
where

sasy e [ (o(2))

Now let F', as in Proposition 5.1.2, be a C*>° map
F:XxR—-Y

whose restriction to X x [0, 1] is a homotopy between fi and f1. Then
for w € QF(Y)

(5.1.32) NWEF'w —~7F*w = dlF*u+TF*du

by the identity (5.1.29). Now let ¢ : X — X X R be the inclusion,
p — (p,0), and note that

(Fomiou(p)=F(p,1) = fi(p)

and
(Foypou)(p) = F(p,0) = fo(p)
ie.,
(5.1.33) Fomyior =fi
and

(5.1.34) Fovyor = fy.
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Thus
Vi Frw = Frw) = fiw = fow

and on the other hand by (5.1.31)

(M Fw = Fw) = dU'TF'w+ JTF dw.
Letting
(5.1.35) Q: F(Y) — QLX)
be the “chain homotopy” operator
(5.1.36) Qw = T F*w
we can write the identity above more succinctly in the form
(5.1.37) fiw— fiw = dQuw + Q dw

and from this deduce, exactly as we did earlier, the identity (5.1.24).
This proof can easily be adapted to the compactly supported set-
ting. Namely the operator (5.1.36) is defined by the integral

1
(5.1.38) Quw :/ Cyy <L <%> F*w> dt .
0

Hence if w is supported on a set, A, in Y, the integrand of (5.1.37)
at t is supported on the set

(5.1.39) {pe X, F(pt)ecA}
and hence Qw is supported on the set
(5.1.40) T(F71(A)NnX x[0,1])

where 7 : X x[0,1] — X is the projection map, 7(p,t) = p. Suppose
now that fy and f; are proper mappings and

G:Xx[0,1]—-Y

a proper homotopy between fy and f7, i.e., a homotopy between fg
and f1 which is proper as a C* map. Then if F' is the map (5.1.30) its
restriction to X x [0, 1] is also a proper map, so this restriction is also
a proper homotopy between fo and f;. Hence if w is in Q¥(Y") and
A is its support, the set (5.1.39) is compact, so Qu is in QF¥~1(X).
Therefore all summands in the “chain homotopy” formula (5.1.37)
are compactly supported. Thus we’ve proved
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Theorem 5.1.3. If f; : X — Y, i = 0,1 are proper C*° maps
which are homotopic via a proper homotopy, the induced maps on
cohomology

fiHE(Y) — HE(X)
are the same.

We'll conclude this section by noting that the cohomology groups,
H k(X ), are equipped with a natural product operation. Namely,
suppose w; € QF(X), i = 1,2, is a closed form and that ¢; = [w]
is the cohomology class represented by w;. We can then define a
product cohomology class c; - ¢ in H*'*+*2(X) by the recipe

(5.1.41) Ccl-Cy = [wl A wg] .

To show that this is a legitimate definition we first note that since
ws is closed

d(wl /\wg) = dwi Nws + (—1)k1w1 A dwy =0,

S0 w1 A wo is closed and hence does represent a cohomology class.
Moreover if we replace w; by another representative, wi + du; = o/,
of the cohomology class, ¢

Wi Aws = w1 Awg + duy Aws .
But since ws is closed,

dpy N wy = d(,u1 VAN UJQ) + (—1)k1,u1 A dwsg
= d(p1 Aws)
SO

wi/\wgzwl/\wg—kd(ul /\(,UQ)

and [w] Aws] = [w1 Aws]. Similary (5.1.41) is unchanged if we replace
wa by wo + dug, so the definition of (5.1.41) depends neither on the
choice of wy nor wy and hence is an intrinsic definition as claimed.
There is a variant of this product operation for compactly sup-
ported cohomology classes, and we’ll leave for you to check that
it’s also well defined. Suppose ¢ is in H¥'(X) and ¢y is in H*2(X)
(i.e., c1 is a compactly supported class and ¢y is an ordinary coho-
mology class). Let w; be a representative of ¢; in QF1(X) and wo
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a representative of ¢y in Q%2(X). Then wy A wy is a closed form in
QF+k2(X) and hence defines a cohomology class

(5.1.42) C1-Cy = [wl /\wg]

in HM+k2(X). We'll leave for you to check that this is intrinsically
defined. We'll also leave for you to check that (5.1.42) is intrinsically
defined if the roles of ¢; and ¢y are reversed, i.e., if ¢; is in H" (X)
and ¢y in H*2(X) and that the products (5.1.41) and (5.1.42) both
satisfy

(5.1.43) c1-cog = (=1)ktk2ey ¢y

Finally we note that if Y is another manifold and f: X — Y a C*®
map then for w; € Q¥ (V) and ws € QF2(Y)

frlwr Awa) = frwr A frws
by (2.5.7) and hence if w; and wq are closed and ¢; = [wj]

(5.1.44) fier-ea) = frer - fres.

Exercises.

1. (Stereographic projection.) Let p € S™ be the point, (0,0,...,0,1).
Show that for every point x = (z1,...,x,+1) of S™ — {p} the ray

te+(1—t)p, t>0

intersects the plane, x,11 = 0, in the point

1

1_wn+l( 1 3 n)

V()
and that the map
78" ={p} = R,z —(2)
is a diffeomorphism.

2. Show that the operator

Qr: QM(Y) — Q" 1(X)
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in the integrand of (5.1.38), i.e., the operator,

Quw = 1"vyf (L (%) F*w>

has the following description. Let p be a point of X and let ¢ = f(p).
The curve, s — fs(p) passes through ¢ at time s = ¢. Let v(q) € T,Y
be the tangent vector to this curve at ¢. Show that

(5.1.45) (Quw)(p) = (dff)pt(vg)wq -

3. Let U be a star-shaped open subset of R™, i.e., a subset of R”
with the property that for every p € U the ray, tp, 0 <t < 1,isin U.

(a) Let v be the vector field

0
U:Z"Eza—xl

and 7 : U — U, the map p — tp. Show that for every k-form,
w € QF )

w = dQw + Q dw

where

dt

1
Qw :/0 ’yﬁ(v)wT.

(b) Show that if
w= Z ar(x)dry

then

(5.146) Quw = Z </tk_1(—1)r_l$ira1(tw) dt> dzy,
Ir

where

diL'[T = d:L’il/\"'aEir/\"'d:L‘ik.
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4. Let X and Y be oriented connected n-dimensional manifolds,
and f: X — Y a proper map. Show that the linear map, L, in the
diagram below

R —_— R
is just the map, t € R — deg(f)t.

5. Let X and Y be manifolds and let idx and idy be the identity
maps of X onto X and Y onto Y. A homotopy equivalence between
X and Y is a pair of maps

f: X—>Y

and

g:Y —X

such that g o f is homotopic to idx and f o g is homotopic to idy.
Show that if X and Y are homotopy equivalent their cohomology
groups are the same “up to isomorphism”, i.e., there exist bijections

H*(X) — H*(Y).

6.  Show that R™ — {0} and S™~! are homotopy equivalent.

7. What are the cohomology groups of the n-sphere with two
points deleted? Hint: The n-sphere with one point deleted is R".

8. Let X and Y be manifolds and f; : X — Y, i =0,1,2, C*®
maps. Show that if fo and f; are homotopic and f; and fy are ho-
motopic then fy and fy are homotopic.

Hint: The homotopy (5.1.20) has the property that
F(p,t) = fi(p) = fo(p)

for0<t< % and
F(p,t) = fi(p) = f1(p)
3

for 4 <t < 1. Show that two homotopies with these properties: a
homotopy between fy and f; and a homotopy between f; and fo,
are easy to “glue together” to get a homotopy between fy and fs.
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9. (a) Let X bean n-dimensional manifold. Given points p; € X,
i = 0,1,2 show that if pg can be joined to p; by a C* curve, vy :
[0,1] — X, and p; can be joined to ps by a C* curve, 71 : [0,1] — X,
then pg can be joined to ps by a C* curve, v : [0,1] — X.

Hint: A C* curve, v :[0,1] — X, joining pg to ps can be thought
of as a homotopy between the maps

Vpo:ptHX7 pt—>p0
and

Yoo Pt — X, pt—p
where “pt” is the zero-dimensional manifold consisting of a single
point.
(b) Show that if a manifold, X, is connected it is arc-wise con-

nected: any two points can by joined by a C* curve.

10. Let X be a connected n-dimensional manifold and w € Q(X)
a closed one-form.

(a) Show thatif~:[0,1] — X isa C® curve there exists a partition:
0=ap <ay <---<ay=1of the interval [0, 1] and open sets U; in
X such that v ([a;—1,a;]) € U; and such that w|U; is exact.

(b) In part (a) show that there exist functions, f; € C*°(U;) such
that w|U; = df; and f; (v(a;)) = fir1 (v(a;)).
(¢c) Show that if pyp and p; are the end points of v

1
Fulp1) — Fi(po) = /0 Y.

(d) Let
(5.1.47) v:[0,]] =X, 0<s<1

be a homotopic family of curves with v5(0) = po and ~vs(1) = ps.
Prove that the integral
1
/ Tsw
0

is independent of sg. Hint: Let sy be a point on the interval, [0, 1].
For v = 4, choose a;’s and f;’s as in parts (a)—(b) and show that
for s close to sg, vs[ai—1,a;] C U;.
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(e) A manifold, X, is simply connected if, for any two curves, ~; :
[0,1] — X, i = 0,1, with the same end-points, pg and p, there exists
a homotopy (5.1.42) with 75(0) = po and ~vs(1) = p1, i.e., o can be
smoothly deformed into 7; by a family of curves all having the same
end-points. Prove

Theorem 5.1.4. If X is simply-connected H'(X) = {0}.

11. Show that the product operation (5.1.41) is associative and
satisfies left and right distributive laws.

12. Let X be a compact oriented 2n-dimensional manifold. Show
that the map
B:H"(X)x H"(X)—R

defined by
B(Cl,Cg) = Ix(Cl . C2)

is a bilinear form on H™(X) and that it’s symmetric if n is even and
alternating if n is odd.

5.2 The Mayer—Victoris theorem

In this section we’ll develop some techniques for computing coho-
mology groups of manifolds. (These techniques are known collec-
tively as “diagram chasing” and the mastering of these techniques is
more akin to becoming proficient in checkers or chess or the Sunday
acrostics in the New York Times than in the areas of mathematics
to which they’re applied.) Let C%, i = 0,1,2,..., be vector spaces
and d : C* — C**1 a linear map. The sequence of vector spaces and
maps

(5.2.1) co 4ot ord

is called a complex if d> = 0, i.e., if for a € C¥, d(da) = 0. For
instance if X is a manifold the DeRham complex

d

< ol(x) 4

(5.2.2) Q°(X) L0AX) > -

is an example of a complex, and the complex of compactly supported
DeRham forms

(5.2.3) 00X) L l(x) L QX)) — -
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is another example. One defines the cohomology groups of the com-
plex (5.2.1) in exactly the same way that we defined the cohomology
groups of the complexes (5.2.2) and (5.2.3) in §5.1. Let

ZF ={a e C*; da =0}

and

B¥={aeCF;acdct 1}

i.e., let a be in B if and only if @ = db for some b € C*~1. Then
da = d?b = 0, so B* is a vector subspace of Z*, and we define
HF(C) — the k™™ cohomology group of the complex (5.2.1) — to be
the quotient space

(5.2.4) H*()=z*/B*.

Given ¢ € Z* we will, as in §5.1, denote its image in H*(C) by [c]
and we’ll call ¢ a representative of the cohomology class [c].

We will next assemble a small dictionary of “diagram chasing”
terms.

Definition 5.2.1. Let V;, ¢ = 0,1,2,..., be vector spaces and o :
Vi — Viq1 linear maps. The sequence

(5.2.5) Vo33 n3s...

is an exact sequence if, for each i, the kernel of a;+1 is equal to the
mmage of «;.

For example the sequence (5.2.1) is exact if Z; = B; for all 4, or,
in other words, if H*(C) = 0 for all i. A simple example of an exact
sequence that we’ll encounter a lot below is a sequence of the form

(5.2.6) {0} - vi B v, B vz — {0},

a five term exact sequence whose first and last terms are the vector
space, Vo = V4 = {0}, and hence ag = a3 = 0. This sequence is
exact if and only if

1. o is injective,

2. the kernel of ay equals the image of ay, and



5.2 The Mayer—Victoris theorem 233

3. a9 is surjective.

We will call an exact sequence of this form a short exact sequence.
(We'll also encounter a lot below an even shorter example of an exact
sequence, namely a sequence of the form

(5.2.7) {0} - V1 BV, — {0}.

This is an exact sequence if and only if o is bijective.)

Another basic notion in the theory of diagram chasing is the notion
of a commutative diagram. The square diagram of vector spaces and
linear maps

ALB

ZT Tj
c 42D

is commutative if foi = j o g, and a more complicated diagram
of vector spaces and linear maps like the diagram below

A Ay As
[ [ |
B By B;
[ [ |
Ch Cy Cy

is commutative if every subsquare in the diagram, for instance the

square, 5 5
2 — b3

[

Cy —— Cs
is commutative.
We now have enough “diagram chasing” vocabulary to formulate
the Mayer—Victoris theorem. For r = 1,2,3 let

(5.2.8) {0y > Lot b2

T

be a complex and, for fixed k, let

(5.2.9) {0} -k L ok L ok {0}



234 Chapter 5. Cohomology via forms

be a short exact sequence. Assume that the diagram below com-
mutes:

| | |
0 — C{H—l _t, C§+1 I C?l;c+1 .0
d d d
(52100 0 — Cf — Cf — Cf — 0

1 1 -1 J _
0 — cFt oot oot o

i.e., assume that in the left hand squares, di = id, and in the right
hand squares, dj = jd.

The Mayer—Victoris theorem addresses the following question: If
one has information about the cohomology groups of two of the three
complexes, (5.2.8), what information about the cohomology groups
of the third can be extracted from this diagram? Let’s first observe
that the maps, ¢ and j, give rise to mappings between these cohomol-
ogy groups. Namely, for = 1,2, 3 let Z* be the kernel of the map,
d:CF — CF1 and BF the image of the map, d : C¥~1 — CF. Since
id = di, i maps Bf into B§ and Z} into Z¥, therefore by (5.2.4) it
gives rise to a linear mapping

iy : HE(Cy) — H*(Cy).

Similarly since jd = dj, j maps B§ into Bg)f and Zé“ into Zéf, and so
by (5.2.4) gives rise to a linear mapping

e Hk(Cg) — Hk(Cg).

Moreover, since j o = 0 the image of iy is contained in the kernel of
Ji- We'll leave as an exercise the following sharpened version of this
observation:

Proposition 5.2.2. The kernel of jy equals the image of iy, i.e., the
three term sequence

(5.2.11) HE(C) % B Cy) 2 R O)

15 exact.
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Since (5.2.9) is a short exact sequence one is tempted to conjecture
that (5.2.11) is also a short exact sequence (which, if it were true,
would tell us that the cohomology groups of any two of the complexes
(5.2.8) completely determine the cohomology groups of the third).
Unfortunately, this is not the case. To see how this conjecture can be
violated let’s try to show that the mapping jj is surjective. Let c’§ be
an element of Z¥ representing the cohomology class, [c], in H3(C3).
Since (5.2.9) is exact there exists a clg in C§ which gets mapped by j
onto &, and if ¢§ were in Z§ this would imply

jile5] = [jch] = [c5],
i.e., the cohomology class, [c§], would be in the image of Ji- However,
since there’s no reason for 612“ to be in Z§, there’s also no reason for
(k] to be in the image of j;. What we can say, however, is that

jdck = djck = dck = 0 since ¢} is in Z¥. Therefore by the exactness
of (5.2.9) in degree k + 1 there exists a unique element, c]fH in Cf“

with property

(5.2.12) dck =ick+t,

Moreover, since 0 = d(dck) = di(c¥™) = idef™! and i is injective,
alc’lngl =0, i.e.,

(5.2.13) Akt zytt,

Thus via (5.2.12) and (5.2.13) we’ve converted an element, c&, of Z¥

into an element, c]fH, of Zf“ and hence set up a correspondence

5.2.14 ke gk kg gkt
3 3 1 1

Unfortunately this correspondence isn’t, strictly speaking, a map
of Z§ into Z¥*1; the ¢f in (5.2.14) isn’t determined by c§ alone
but also by the choice we made of c'§. Suppose, however, that we
make another choice of a clg with the property j (612“) = c’?f . Then the
difference between our two choices is in the kernel of j and hence,
by the exactness of (2.5.8) at level k, is in the image of i. In other
words, our two choices are related by

(Cg)new = (Cg)old + Z(C]f)
for some ¢} in CF, and hence by (5.2.12)

(c]f+1)new = (C]f+1)old + dclf .
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Therefore, even though the correspondence (5.2.14) isn’t strictly
speaking a map it does give rise to a well-defined map

(5.2.15) z5 — HY(C), o — [T,

Moreover, if c’?f is in Béf, ie., c’?f = dc'?f_1 for some c'?f_l € C;f_l, then
by the exactness of (5.2.8) at level k — 1, ¢k~ = j(ch™!) for some
b=l € ¢5~1 and hence & = j(dc5™%). In other words we can take
the c§ above to be deh ™! in which case the ¢f*! in equation (5.2.12)
is just zero. Thus the map (5.2.14) maps B:’)f to zero and hence by

Proposition 1.2.2 gives rise to a well-defined map

(5.2.16) §: H*(C3) — HFY(Oy)
mapping [c§] — [}T!]. We will leave it as an exercise to show that
this mapping measures the failure of the arrow jy in the exact se-
quence (5.2.11) to be surjective (and hence the failure of this se-
quence to be a short exact sequence at its right end).

Proposition 5.2.3. The image of the map jy : H*(Cy) — H*(Cj)
is equal to the kernel of the map, § : H*(C3) — H*1(Cy).

Hint: Suppose that in the correspondence (5.2.14) c’f“ isin Bf“.
Then clfH = dc’f for some c’f in Cf. Show that

j(es —i(ch) =

and

d(cs —i(ch) =0

ie., ck —i(ch) is in Z§ and hence jy[ck —i(c})] = [ch].

Let’s next explore the failure of the map, iy : H**1(C) — H*1(Cy),

to be injective. Let clfH be in Zf“ and suppose that its cohomol-
ogy class, [c]fH], gets mapped by 7 into zero. This translates into
the statement

co k41 k
(5.2.17) i(ci™h) = des

for some c§ € C¥. Moreover since de§ = i(ck*1), j(dck) = 0. But if

(5.2.18) kL 5k
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then dck = dj(ck) = j(dch) = 7(i(cFT1)) = 0, so ¢k is in Z¥, and by
(5.2.17), (5.2.18) and the definition of §

(5.2.19) [F 1] = 6[ch].

In other words the kernel of the map, iy : H*1(Cy) — H*1(Cy) is
contained in the image of the map ¢ : H*(C3) — H**1(Cy). We will
leave it as an exercise to show that this argument can be reversed to
prove the converse assertion and hence to prove

Proposition 5.2.4. The image of the map 6 : H*(Cy) — HFTY(Cy)
is equal to the kernel of the map iy : H*™1(Cy) — H*(Cy).

Putting together the Propositions 5.2.2-5.2.4 we obtain the main
result of this section: the Mayer—Victoris theorem. The sequence of
cohomology groups and linear maps

(5:2.20) -+ 5 HHC) B HNCy) 4 HNCy) S HI(C-1) B

1s exact.

Remark 5.2.5. In view of the “--”"’s this sequence can be a very
long sequence and is commonly referred to as the “long exact se-
quence in cohomology” associated to the short exact sequence of com-
plexes (2.5.9).

Before we discuss the applications of this result, we will introduce
some vector space notation. Given vector spaces, Vi and Vo we’ll
denote by V1 & V5 the vector space sum of Vi and V5, i.e., the set of
all pairs

(up,uz), u; €V,

with the addition operation
(uy,uz) + (vi +va) = (ug +vi, ug + va)
and the scalar multiplication operation
AMuy,uz) = (Aug , Aug).

Now let X be a manifold and let U; and Us be open subsets of X.
Then one has a linear map

(5.2.21) QF (U, U L) & QF(UY) & Q8 (1)
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defined by
(5.2.22) w — (w|U1 s w|U2)

where w|U; is the restriction of w to U;. Similarly one has a linear
map

(5.2.23) QF(U7) @ Q8 (Us) L QR (UL N Ty)
defined by

(5.2.24) (wi,w2) — wi|Up NUy — we|Uy NU;.
We claim

Theorem 5.2.6. The sequence
(5.2.25)

{0} = QF(Uy UUY) 5 QFTh) @ QF(Uy) & Q% (Uy NUL) — {0}
s a short exact sequence.

Proof. If the right hand side of (5.2.22) is zero, w itself has to be
zero so the map (5.2.22) is injective. Moreover, if the right hand side
of (5.2.24) is zero, wy and we are equal on the overlap, U; N Uy, so
we can glue them together to get a C* k-form on U; U Us by setting
w=wi; on U; and w = wy on Us. Thus by (5.2.22) i(w) = (w1,wa),
and this shows that the kernel of j is equal to the image of 7. Hence
to complete the proof we only have to show that j is surjective,
i.e., that every form w on QF(U; NUy) can be written as a difference,
w1|Uy NUs — wo|Uy N Uy, where wy is in QF(U7) and ws in in QF(U5).
To prove this we’ll need the following variant of the partition of unity
theorem.

Theorem 5.2.7. There exist functions, p, € C*(U1UU,), a = 1,2,
such that support @, is contained in U, and o1 + o = 1.

Before proving this let’s use it to complete our proof of Theo-
rem 5.2.6. Given w € QF(U; N Us) let

pow on U; NU;

(5.2.26) w1 =19 on U —U NUs

and let
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(5.2.27) g = {—gplw on UiNU;y

0 on Uy —UinNnU,.

Since ¢y is supported on Us the form defined by (5.2.26) is C*° on Uy
and since ¢; is supported on U; the form defined by (5.2.27) is C*
on U and since 1 + @2 = 1, wy — wa = (¢1 + @2)w = w on Uy N Us.

U

To prove Theorem 5.2.7, let p; € C§°(U; U Us), i = 1,2,3,...
be a partition of unity subordinate to the cover, {U,, a = 1,2} of
Uy U Uy and let 1 be the sum of the p;’s with support on U; and
2 the sum of the remaining p;’s. It’s easy to check (using part (b)
of Theorem 4.6.1) that ¢, is supported in U, and (using part (c) of

Theorem 4.6.1) that @1 + @2 = 1. O
Now let
(5.2.28) 0y >t Lol 4oz,

be the DeRham complex of Uy U Us, let

(5.2.29) 0 —-cd 4ot deo2 ..
be the DeRham complex of U; N Us and let
(5.2.30) 0y > Lol beo2d

be the vector space direct sum of the DeRham complexes of U; and
Us, i.e., the complex whose k' term is

Cy = QF(Uy) @ QF(Uy)

with d : C§ — CE*! defined to be the map d(u1, u2) = (du1, dus).
Since CF = QF(U; U Us) and C%§ = QF(U; N Uy) we have, by Theo-
rem 5.2.6, a short exact sequence

(5.2.31) {0y — ok Lok 2 ok o),
and it’s easy to see that ¢ and j commute with the d’s:

(5.2.32) di = id and dj = jd.
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Hence we’re exactly in the situation to which Mayer—Victoris applies.
Since the cohomology groups of the complexes (5.2.28) and (5.2.29)
are the DeRham cohomology group. H*(U; UUs,) and H*(U; N Uy),
and the cohomology groups of the complex (5.2.30) are the vector
space direct sums, H*(U;) @ H*(Us), we obtain from the abstract
Mayer—Victoris theorem, the following DeRham theoretic version of
Mayer—Victoris.

Theorem 5.2.8. Letting U = U1 UUy and V = Uy NUsy one has a
long exact sequence in DeRham cohomology:
(5.2.33)

LS N B EN ) 0 BYNU) B R S B ) B

This result also has an analogue for compactly supported DeRham
cohomology. Let

(5.2.34) i QEULNTUy) — HY(Uy) ® QF (Us)
be the map

(5.2.35) i(w) = (w1,w2)

where

(5.2.36)

o w on U;NU;
L 0 on U;—UiNUy.

(Since w is compactly supported on U; N Us the form defined by
(5.2.34) is a C* form and is compactly supported on U;.) Similarly,
let

(5.2.37) J Qi) @ QF(Ua) — QE(U, U TY)
be the map

(5.2.38) J(wi,wa) = w1 — wo

where:

TN

As above it’s easy to see that i is injective and that the kernel of j
is equal to the image of 7. Thus if we can prove that j is surjective
we’ll have proved
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Theorem 5.2.9. The sequence
(5.2.40)

{0} — QE(UL NT) 5 QF (L) @ QF(U2) L 0k (U1 N Uy) — {0}
is a short exact sequence.

Proof. To prove the surjectivity of j we mimic the proof above. Given
w in QF (U UTL) let

(5.2.41) w = prw|Up
and
(5.2.42) W = —(,Dgw|U2 .

Then by (5.2.36) w = j(w1,ws).
U

Thus, applying Mayer—Victoris to the compactly supported ver-
sions of the complexes (5.2.8), we obtain:

Theorem 5.2.10. Letting U = U1UUy and V = Uy NUsy there exists
a long exact sequence in compactly supported DeRham cohomology
(5.2.43)

LS mh vy B RO @ HEU,) B HEWU) S HE (V) B

Exercises

1.  Prove Proposition 5.2.2.
2. Prove Proposition 5.2.3.
3.  Prove Proposition 5.2.4.

4. Show that if Uy, Uy and Uy N U, are non-empty and connected
the first segment of the Mayer—Victoris sequence is a short exact
sequence

{0} — H(U, UU,) — HY(Uy) @ H(Uy) — H°(U; N U) — {0}.
5. Let X = S™ and let U; and Us; be the open subsets of S"

obtained by removing from S™ the points, p; = (0,...,0,1) and
p2=(0,...,0,—1).
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(a) Using stereographic projection show that Uy and Us are diffeo-
morphic to R”.

(b) Show that U; U Uy = S™ and Uy N Uy is homotopy equivalent
to "1, (See problem 5 in §5.1.) Hint: Uy N Uy is diffeomorphic to
R™ — {0}.

(c) Deduce from the Mayer—Victoris sequence that HT!(S") =
H{(S" 1) for i > 1.
(d) Using part (c) give an inductive proof of a result that we proved

by other means in §5.1: H*(S™) = {0} for 1 < k < n.

6. Using the Mayer—Victoris sequence of exercise 5 with cohomol-
ogy replaced by compactly supported cohomology show that

HER" —{0}) =R

for k=1and n and

HY(R" - {0}) = {0}

for all other values of k.

5.3 Good covers

In this section we will show that for compact manifolds (and for lots
of other manifolds besides) the DeRham cohomology groups which
we defined in §5.1 are finite dimensional vector spaces and thus, in
principle, “computable” objects. A key ingredient in our proof of this
fact is the notion of a good cover of a manifold.

Definition 5.3.1. Let X be an n-dimensional manifold, and let
U={Uy,a €}

be a covering of X by open sets. This cover is a good cover if for
every finite set of indices, a; € I, i = 1,...,k, the intersection
UaiN---NUaqy is either empty or is diffeomorphic to R™.

One of our first goals in this section will be to show that good
covers exist. We will sketch below a proof of the following.

Theorem 5.3.2. FEvery manifold admits a good cover.
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The proof involves an elementary result about open convex subsets
of R™,

Proposition 5.3.3. If U is a bounded open convexr subset of R™, it
s diffeomorphic to R™.

A proof of this will be sketched in exercises 1-4 at the end of this
section.

One immediate consequence of this result is an important special
case of Theorem 5.3.2.

Theorem 5.3.4. Fvery open subset, U, of R™ admits a good cover.

Proof. For each p € U let U, be an open convex neighborhood of p
in U (for instance an e-ball centered at p) . Since the intersection of
any two convex sets is again convex the cover, {U,,p € U} is a good
cover by Proposition 5.3.3.

O

For manifolds the proof of Theorem 5.3.2 is somewhat trickier.
The proof requires a manifold analogue of the notion of convexity
and there are several serviceable candidates. The one we will use is
the following. Let X C RY be an n-dimensional manifold and for
p € X let T, X be the tangent space to X at p. Recalling that 73, X
sits inside TpRN and that

T,RY = {(p,v), v € R"}
we get a map
T,X — T,RY RN (p,z) »p+u,

and this map maps 7, X bijectively onto an n-dimensional “affine”
subspace, L,, of RN which is tangent to X at p. Let T X — L,
be, as in the figure below, the orthogonal projection of X onto L.
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p ™, ()

Definition 5.3.5. An open subset, V, of X is convex if for every
p € V the map m, : X — L, maps V diffeomorphically onto a convex
open subset of L,,.

It’s clear from this definition of convexity that the intersection of
two open convex subsets of X is an open convex subset of X and
that every open convex subset of X is diffeomorphic to R™. Hence
to prove Theorem 5.3.2 it suffices to prove that every point, p, in X
is contained in an open convex subset, U,, of X. Here is a sketch of
how to prove this. In the figure above let B¢(p) be the ball of radius €
about p in L, centered at p. Since L, and T}, are tangent at p the
derivative of m, at p is just the identity map, so for € small 7, maps a
neighborhood, Uy of p in X diffeomorphically onto B (p). We claim

Proposition 5.3.6. For e small, U] is a convex subset of X.

Intuitively this assertion is pretty obvious: if ¢ is in Uy and € is
small the map

-1
Bs™ U L,

is to order €2 equal to the identity map, so it’s intuitively clear that
its image is a slightly warped, but still convex, copy of B¢(p). We
won’t, however, bother to write out the details that are required to
make this proof rigorous.

A good cover is a particularly good “good cover” if it is a finite
cover. We’ll codify this property in the definition below.
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Definition 5.3.7. An n-dimensional manifold is said to have finite
topology if it admits a finite covering by open sets, Uy, ..., Uy with
the property that for every multi-index, I = (i1,...,1), 1 < i3 <
io--- < i < N, the set

(5.3.1) Ur=UiiN---NUi

is either empty or is diffeomorphic to R™.

If X is a compact manifold and U = {U,, a € T} is a good cover
of X then by the Heine—Borel theorem we can extract from U a finite
subcover

Ui=Uy,;€l,i=1,...,N,

hence we conclude
Theorem 5.3.8. Fvery compact manifold has finite topology.

More generally, for any manifold, X, let C' be a compact subset of
X. Then by Heine-Borel we can extract from the cover, U, a finite
subcollection

Ui:Uai, ael, 1=1,....,N

that covers C, hence letting U = | U;, we've proved

Theorem 5.3.9. If X is an n-dimensional manifold and C a com-
pact subset of X, then there exists an open neighborhood, U, of C in
X having finite topology.

We can in fact even strengthen this further. Let Uy be any open
neighborhood of C' in X. Then in the theorem above we can replace
X by Uy to conclude

Theorem 5.3.10. Let X be a manifold, C' a compact subset of X
and Uy an open neighborhood of C' in X. Then there exists an open
neighborhood, U, of C' in X, U contained in Uy, having finite topol-
0gy.

We will justify the term “finite topology” by devoting the rest of
this section to proving

Theorem 5.3.11. Let X be an n-dimensional manifold. If X has
finite topology the DeRham cohomology groups, H*(X), k=0,...,n
and the compactly supported DeRham cohomology groups, H f(X ),
k=0,...,n are finite dimensional vector spaces.
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The basic ingredients in the proof of this will be the Mayer—
Victoris techniques that we developed in §5.2 and the following ele-
mentary result about vector spaces.

Lemma 5.3.12. Let V;, i =1,2,3, be vector spaces and

(5.3.2) T A 74

an exact sequence of linear maps. Then if V1 and V3 are finite di-
mensional, so is V.

Proof. Since V3 is finite dimensional, the image of 3 is of dimension,
k < o0, so there exist vectors, v;, ¢ = 1,...,k in V5 having the
property that

(5.3.3) Image 6 = span{f(v;), i=1,...,k}.

Now let v be any vector in V5. Then 3(v) is a linear combination

k

Bv) =) ciB(vi) ceR

i=1

of the vectors 3(v;) by (5.3.3), so

k
(5.3.4) vi=v-— Z Civi
i=1

is in the kernel of § and hence, by the exactness of (5.3.2), in the im-
age of a. But Vj is finite dimensional, so (V1) is finite dimensional.
Letting vg41,...,Vvm be a basis of a(V1) we can by (5.3.4) write v as
a sum, v = 27;1 ¢;vi. In other words vq,...,v,, is a basis of V5.

O

We’ll now prove Theorem 5.3.4. Our proof will be by induction on
the number of open sets in a good cover of X. More specifically let

U={U;,i=1,...,N}

be a good cover of X. If N = 1, X = U; and hence X is diffeomorphic
to R"”, so
H*(X) = {0} for k>0
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and H*(X) = R for k = 0, so the theorem is certainly true in
this case. Let’s now prove it’s true for arbitrary N by induction.
Let U be the open subset of X obtained by forming the union of
Us,...,Un. We can think of U as a manifold in its own right, and
since {U;, i =2,...,N} is a good cover of U involving only N — 1
sets, its cohomology groups are finite dimensional by the induction
assumption. The same is also true of the intersection of U with Uj.
It has the N — 1 sets, UNU;, i = 2,...,N as a good cover, so its
cohomology groups are finite dimensional as well. To prove that the
theorem is true for X we note that X = U; UU and that one has an
exact sequence

oYU nU) S HRX) % HE Oy @ HRU)

by Mayer—Victoris. Since the right hand and left hand terms are finite
dimensional it follows from Lemma 5.3.12 that the middle term is
also finite dimensional. O

The proof works practically verbatim for compactly supported co-
homology. For N =1

HE(X) = HE(Ur) = HE (R")

so all the cohomology groups of H*(X) are finite in this case, and
the induction “N — 1”7 = “N” follows from the exact sequence

HYUy) & HYU) 2 B X) S HMY (0,0 U).

Remark 5.3.13. A careful analysis of the proof above shows that
the dimensions of the H*(X)’s are determined by the intersection
properties of the U;’s, i.e., by the list of multi-indices, I, for which
th intersections (5.3.1) are non-empty.

This collection of multi-indices is called the nerve of the cover,
U={U;,i=1,...,N}, and this remark suggests that there should
be a cohomology theory which has as input the nerve of U and as
output cohomology groups which are isomorphic to the DeRham
cohomology groups. Such a theory does exist and a nice account of it
can be found in Frank Warner’s book, “Foundations of Differentiable
Manifolds and Lie Groups”. (See the section on Cech cohomology in
Chapter 5.)
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Exercises.

1. Let U be a bounded open subset of R". A continuous function
Y : U — [0, 00)

is called an exhaustion function if it is proper as a map of U into
[0,00); i.e., if, for every a > 0, ¥ ~1(]0,a]) is compact. For = € U let

d(x) = inf{|lz —y|, yeR"-U},

i.e., let d(z) be the “distance” from x to the boundary of U. Show
that d(x) > 0 and that d(x) is continuous as a function of z. Conclude
that 19 = 1/d is an exhaustion function.

2. Show that there exists a C*° exhaustion function, g : U —
[0, 00), with the property ¢ > ¢ where 1y is the exhaustion func-
tion in exercise 1.

Hints: For 1 =2,3,... let

Ci:{a:EU, lSd(m)S.l }
1

and

1 1

Let p; € C3°(U;), pi > 0, be a “bump” function which is identically
one on C; and let pg = > i%p; + 1.

3.  Let U be a bounded open convex subset of R™ containing the
origin. Show that there exists an exhaustion function

Y:U =R, $0)=1,

having the property that ¢ is a monotonically increasing function of
t along the ray, tz, 0 <t <1, for all points, z, in U. Hints:

(a) Let p(z), 0 < p(z) <1, be a C*> function which is one outside
a small neighborhood of the origin in U and is zero in a still smaller
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neighborhood of the origin. Modify the function, (g, in the previous
exercise by setting ¢(z) = p(x)po(x) and let

1 ds
vie) = [ el 1
Show that for 0 <¢ <1
d
(5.3.5) d—‘f(tm) -

and conclude from (5.3.4) that 1 is monotonically increasing along
the ray, tx, 0 <t < 1.

(b) Show that for 0 < e < 1,

P(z) = ep(y)
where y is a point on the ray, tx, 0 <t < 1 a distance less than e|z|
from X.
(¢) Show that there exist constants, Cy and Cy, C; > 0 such that

Sub-hint: In part (b) take € to be equal to 3 d(z)/|.

4.  Show that every bounded, open convex subset, U, of R" is dif-
feomorphic to R™. Hints:

(a) Let ¢ (z) be the exhaustion function constructed in exercise 3
and let
f:U—-R"

be the map: f(z) = ¢(x)x. Show that this map is a bijective map of
U onto R™.

(b) Show that for x € U and v € R"

(df)av = P(x)v + dipe (V)2

and conclude that df, is bijective at z, i.e., that f is locally a diffeo-
morphism of a neighborhood of x in U onto a neighborhood of f(x)
in R™.
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(¢) Putting (a) and (b) together show that f is a diffeomorphism
of U onto R™.

5.  Let U C R be the union of the open intervals, k < x < k + 1,
k an integer. Show that U doesn’t have finite topology.

6. Let V C R? be the open set obtained by deleting from R?
the points, p,, = (0,n), n an integer. Show that V' doesn’t have finite
topology. Hint: Let v, be a circle of radius % centered about the point
Pn- Using exercises 1617 of §2.1 show that there exists a closed C*°-
one-form, w, on V with the property that f% wy = 1 and fﬁ/m wp =0
for m # n.

7. Let X be an n-dimensional manifold and U = {U;, i = 1,2} a
good cover of X. What are the cohomology groups of X if the nerve
of this cover is

(a) {1}, {2}
(b) {1}, {2}, {1,2}7

8.  Let X be an n-dimensional manifold and U = {U;, i =1,2,3,}
a good cover of X. What are the cohomology groups of X if the
nerve of this cover is

(a) {1}, {2}, {3}

(b) {1}, {2}, {3}, {1,2}

(c) {1} {2}, {3}, {1,2}, {1,3}

(d) {1}, {2}, {3}, {1,2}, {1,3}, {2,3}

(e) {1} {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}7

9. Let S! be the unit circle in R? parametrized by arc length:

(z,y) = (cosf,sinf). Let Uy be the set: 0 < 6 < 2&, U, the set:
%<9<37”,andU3theset: —%”<0<§.

a) Show that the U;’s are a good cover of S'.

(b) Using the previous exercise compute the cohomology groups of

St
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10. Let S? be the unit 2-sphere in R3. Show that the sets
U; = {(z1, 22, 23) € S?. x> 0}
1=1,2,3 and
U, = {(z1, 22, 23) € S?, xiig < 0},
i=4,5,6, are a good cover of S2. What is the nerve of this cover?

11. Let X and Y be manifolds. Show that if they both have finite
topology, their product, X x Y, does as well.

12. (a) Let X be a manifold and let U;, i = 1,..., N, be a good
cover of X. Show that U; xR, ¢=1,..., N, is a good cover of X xR
and that the nerves of these two covers are the same.

(b) By Remark 5.3.13,
H*(X xR) = H¥(X).

Verify this directly using homotopy techniques.
(¢) More generally, show that for all £ > 0

(5.3.6) HY(X x RY = H¥(X)

(i) by concluding that this has to be the case in view of the
Remark 5.3.13 and
(ii) by proving this directly using homotopy techniques.

5.4 Poincaré duality

In this chapter we’ve been studying two kinds of cohomology groups:
the ordinary DeRham cohomology groups, H*, and the compactly
supported DeRham cohomology groups, H”. It turns out that these
groups are closely related. In fact if X is a connected, oriented n-
dimensional manifold and has finite topology, H?~*(X) is the vector
space dual of H*(X). We'll give a proof of this later in this section,
however, before we do we’ll need to review some basic linear alge-
bra. Given two finite dimensional vector space, V and W, a bilinear
pairing between V and W is a map

(5.4.1) B:VxW-—=R
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which is linear in each of its factors. In other words, for fixed w € W,
the map

(5.4.2) ly:V—>R, v— B(v,w)

is linear, and for v € V, the map

(5.4.3) ly: W =R, w— B(v,w)

is linear. Therefore, from the pairing (5.4.1) one gets a map
(5.4.4) LW =V w—4l,

and since £y, + Ly, (V) = B(v,w1 + w2) = Ly 4w, (V), this map is
linear. We'll say that (5.4.1) is a non-singular pairing if (5.4.4) is
bijective. Notice, by the way, that the roles of V and W can be
reversed in this definition. Letting Bf(w,v) = B(v,w) we get an
analogous linear map

(5.4.5) Ly :V — W*

and in fact

(5.4.6) (L (v))(w) = (Lp(w))(v) = B(v,w).
Thus if

(5.4.7) PV (V)

is the canonical identification of V' with (V*)* given by the recipe

for v€ V and ¢ € V*, we can rewrite (5.4.6) more suggestively in
the form

(5.4.8) Ly = (L)

i.e., Lp and Lp; are just the transposes of each other. In particular
Lp is bijective if and only if Ly is bijective.

Let’s now apply these remarks to DeRham theory. Let X be a
connected, oriented n-dimensional manifold. If X has finite topology
the vector spaces, H?~*(X) and H¥(X) are both finite dimensional.
We will show that there is a natural bilinear pairing between these
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spaces, and hence by the discussion above, a natural linear mapping
of H*(X) into the vector space dual of H? '(X). To see this let
c1 be a cohomology class in H?*(X) and ¢y a cohomology class
in H*(X). Then by (5.1.42) their product, c; - cg, is an element of
H'(X), and so by (5.1.8) we can define a pairing between ¢; and ¢y
by setting

(5.4.9) B(Cl,Cg) = Ix(Cl . C2) .

Notice that if w; € QP 7%(X) and wy € QF(X) are closed forms
representing the cohomology classes, ¢; and ¢, then by (5.1.42) this
pairing is given by the integral

(5.4.10) B(Cl,CQ) :/ w1 N\wa.
X

We’'ll next show that this bilinear pairing is non-singular in one
important special case:

Proposition 5.4.1. If X is diffeomorphic to R™ the pairing defined
by (5.4.9) is non-singular.

Proof. To verify this there is very little to check. The vector spaces,
HF(R™) and H?~*(R™) are zero except for k = 0, so all we have to
check is that the pairing

H"(X)x H'(X) - R

is non-singular. To see this recall that every compactly supported
n-form is closed and that the only closed zero-forms are the constant
functions, so at the level of forms, the pairing (5.4.9) is just the
pairing
(w,c) € Q"(X) ><]R—>c/ w,
X
and this is zero if and only if ¢ is zero or w is in dQ?~(X). Thus at
the level of cohomology this pairing is non-singular.
O

We will now show how to prove this result in general.

Theorem 5.4.2 (Poincaré duality.). Let X be an oriented, con-
nected n-dimensional manifold having finite topology. Then the pair-
ing (5.4.9) is non-singular.
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The proof of this will be very similar in spirit to the proof that
we gave in the last section to show that if X has finite topology its
DeRham cohomology groups are finite dimensional. Like that proof,
it involves Mayer—Victoris plus some elementary diagram-chasing.
The “diagram-chasing” part of the proof consists of the following
two lemmas.

Lemma 5.4.3. Let V1, Vo and V3 be finite dimensional vector spaces,

and let Vi 5 Vs LA V3 be an exact sequence of linear mappings. Then
the sequence of transpose maps

Vi SV S
18 exact.
Proof. Given a vector subspace, Ws, of V5, let
Wit ={teVy; f(w)=0 forwe W}.

We'll leave for you to check that if W5 is the kernel of 3, then W' is
the image of 3* and that if Wy is the image of a, Wi is the kernel
of a*. Hence if Ker § = Image o, Image 6* = kernel o*.

O

Lemma 5.4.4 (the five lemma). Let the diagram below be a com-
mutative diagram with the properties:

(i)  All the vector spaces are finite dimensional.
(ii) The two rows are exact.
(iii) The linear maps, v;, 1 = 1,2,4,5 are bijections.

Then the map, 3, is a bijection.

A — Ay 2 Ay 2 Ay 5 A5

[ [ s [ s

B, B1 B, B2 By B3 B, B4 B .

Proof. We’ll show that s is surjective. Given a3z € As there exists
a by € By such that v4(by) = as(ag) since 4 is bijective. More-
over, v5(84(bs)) = as(as(as)) = 0, by the exactness of the top row.
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Therefore, since 5 is bijective, 34(bs) = 0, so by the exactness of the
bottom row by = (3(bs) for some bg € Bs, and hence

az(v3(b3)) = 74(B3(b3)) = va(bs) = a3(as) .

Thus as(as — v3(b3)) = 0, so by the exactness of the top row

az —v3(b3) = az(az2)

for some ay € As. Hence by the bijectivity of o there exists a by € Bgy
with ag = v2(bz), and hence

a3 —73(b3) = az(az) = az(y2(b2)) = v3(B2(b2)) -

Thus finally
ag = y3(bs + Ba2(b2)) -

Since a3 was any element of Az this proves the surjectivity of ;.
One can prove the injectivity of 3 by a similar diagram-chasing
argument, but one can also prove this with less duplication of effort
by taking the transposes of all the arrows in Figure 5.4.1 and noting
that the same argument as above proves the surjectivity of 73 : A5 —
B;.
O

To prove Theorem 5.4.2 we apply these lemmas to the diagram
below. In this diagram U; and Us are open subsets of X, M is U1 UUs
and the vertical arrows are the mappings defined by the pairing
(5.4.9). We will leave for you to check that this is a commutative
diagram “up to sign”. (To make it commutative one has to replace
some of the vertical arrows, 7, by their negatives: —v.) This is easy
to check except for the commutative square on the extreme left. To
check that this square commutes, some serious diagram-chasing is
required.

> an(kfl)(M) . ank(Ul ﬂUz)* . ank(Ul)* ey ank(Uz)* . ank(M)* >
A A A A
— HE N (M) —= HE(Ur N Uz) —= HE(U) & HE(Uz) —= HE(M) —=

Figure 5.4.2
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By Mayer—Victoris the bottom row of this figure is exact and by
Mayer—Victoris and Lemma 5.4.3 the top row of this figure is exact.
hence we can apply the “five lemma” to Figure 5.4.2 and conclude:

Lemma 5.4.5. If the maps
(5.4.11) H*U) — H' *U)*

defined by the pairing (5.4.9) are bijective for Uy,Us and Uy N Uy,
they are also bijective for M = Uy U Us,.

Thus to prove Theorem 5.4.2 we can argue by induction as in § 5.3.
Let Uy,Us,...,Un be a good cover of X. If N = 1, then X = U;
and, hence, since Uy is diffeomorphic to R™, the map (5.4.12) is
bijective by Proposition 5.4.1. Now let’s assume the theorem is true
for manifolds involving good covers by k open sets where k is less
than N. Let U = U; U---UUpy_1 and U” = Uy. Since

U/ﬂUUZUlﬂUNU’”UUN_lﬂUN

it can be covered by a good cover by k open sets, k < N, and hence
the hypotheses of the lemma are true for U’, U” and U’ N U". Thus
the lemma says that (5.4.12) is bijective for the union, X, of U’ and
U//- D

Exercises.

1. (The “push-forward” operation in DeRham cohomology.) Let
X be an m-dimensional manifold, ¥ an n-dimensional manifold and
f: X — Y a(C*™ map. Suppose that both of these manifolds are
oriented and connected and have finite topology. Show that there
exists a unique linear map

(5.4.12) fy: HVHX) — HYR(Y)
with the property
(5.4.13) By (fsc1,c2) = Bx(cu, fﬁC2)

for all ¢; € H™*(X) and ¢z € H*¥(Y). (In this formula By is the
bilinear pairing (5.4.9) on X and By is the bilinear pairing (5.4.9)
onY.)
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2. Suppose that the map, f, in exercise 1 is proper. Show that
there exists a unique linear map

(5.4.14) fi H"H(X) — HH(Y)
with the property
(5.4.15) By (c1, fyc2) = (=1 By (fier, e)

for all ¢; € H¥(Y) and ¢; € H™*(X), and show that, if X and
Y are compact, this mapping is the same as the mapping, f4, in
exercise 1.

3. Let U be an open subset of R" and let f : U x R — U be the
projection, f(z,t) = xz. Show that there is a unique linear mapping

(5.4.16) fe: QYU x R) — QF(U)

with the property

(5.4.17) / f*u/\yz/ wA ffv
U UxR
for all u € QMU x R) and v € Q" *(U).
Hint: Let x1,...,x, and t be the standard coordinate functions

on R™ x R. By §2.2, exercise 5 every (k + 1)-form, w € Q¥*1(U x R)
can be written uniquely in “reduced form” as a sum

w=>_ frdtAder+> grdzy

over multi-indices, I and J, which are strictly increasing. Let
(5.4.18) faw=Y" ( / fr(z, 1) dt> day .
7 R

4.  Show that the mapping, f,, in exercise 3 satisfies f, dw = df.w.

5. Show that if w is a closed compactly supported & + 1-form on
U x R then

(5.4.19) (o] = fylo]
where f; is the mapping (5.4.13) and f, the mapping (5.4.17).
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6. (a) Let U be an open subset of R” and let f: U x R — U
be the projection, f(z,t) = x. Show that there is a unique linear
mapping

(5.4.20) fo : YU x RY) — QF(D)

with the property

(5.4.21) /Uf*u ANv = /UxRe uwAN fv

for all u € QF(U x RY) and v € Q" F(U).
Hint: Exercise 3 plus induction on /.
(b) Show that for w € Q¥4(U x RY)

dfsw = fidw.

(¢) Show that if w is a closed, compactly supported k + ¢-form on
X x R¢

(5.4.22) Aol = [
where f; : HFH(U x R®) — HE(U) is the map (5.4.13).

7. Let X be an n-dimensional manifold and Y an m-dimensional
manifold. Assume X and Y are compact, oriented and connected,
and orient X X Y by giving it its natural product orientation. Let

f: XxY =Y
be the projection map, f(z,y) = y. Given
we QX xY)

and p €Y, let

(5.4.23) faw(p) = / Lpw
X
where ¢, : X — X x Y is the inclusion map, t,(z) = (z,p).

(a) Show that the function f.w defined by (5.5.24) is C*°, i.e., is in
QO(Y).
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(b) Show that if w is closed this function is constant.
(¢) Show that if w is closed

[few] = fylw]
where f; : H(X xY) — H%(Y) is the map (5.4.13).

8. (a) Let X be an n-dimensional manifold which is compact,
connected and oriented. Combining Poincaré duality with exercise 12
in § 5.3 show that

HMY(X xRY = HE(X) .

(b) Show, moreover, that if f : X x R® — X is the projection,
f(z,a) = z, then

fi s HFYY(X x RY) — HF(X)
is a bijection.

9. Let X and Y be as in exercise 1. Show that the push-forward
operation (5.4.13) satisfies

fii (e - frea) = fucr -2
for ¢; € H¥(X) and ¢y € HY(Y).

5.5 Thom classes and intersection theory

Let X be a connected, oriented n-dimensional manifold. If X has
finite topology its cohomology groups are finite dimensional, and
since the bilinear pairing, B, defined by (5.4.9) is non-singular we
get from this pairing bijective linear maps

(5.5.1) Lp: H' (X)) — H(X)*
and
(5.5.2) Ly HVF(X) — HFX)".

In particular, if £ : H*(X) — R is a linear function (i.e., an element
of H*(X)*), then by (5.5.1) we can convert £ into a cohomology class

(5.5.3) L) € HF(X),
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and similarly if £, : H*(X) — R is a linear function, we can convert
it by (5.5.2) into a cohomology class

(5.5.4) (L)L) e H"F(X).

One way that linear functions like this arise in practice is by in-
tegrating forms over submanifolds of X. Namely let Y be a closed,
oriented k£ dimensional submanifold of X. Since Y is oriented, we
have by (5.1.8) an integration operation in cohomology

Iy : H*Y) - R,

and since Y is closed the inclusion map, vy, of Y into X is proper,
so we get from it a pull-back operation on cohomology

(y)f: HI(X) — HE(Y)

and by composing these two maps, we get a linear map, £y = Iy o
(ty)¥, of H*(X) into R. The cohomology class

(5.5.5) Ty = L' (ty) € H¥(X)

associated with ¢y is called the Thom class of the manifold, Y and
has the defining property

(5.5.6) B(Ty,c) = Iy(Lg,c)

for c € H¥(X). Let’s see what this defining property looks like at the
level of forms. Let 7y € Q" %(X) be a closed k-form representing
Ty. Then by (5.4.9), the formula (5.5.6), for ¢ = [w], becomes the
integral formula

(5.5.7) /Ty/\w:/ Lyw.
X Y

In other words, for every closed form, w € Q7%(X) the integral of
w over Y is equal to the integral over X of 7y Aw . A closed form,
Ty, with this “reproducing” property is called a Thom form for Y.
Note that if we add to 7y an exact (n — k)-form, p € dQ"*~1(X),
we get another representative, 7y 4+ u, of the cohomology class, Ty,
and hence another form with this reproducing property. Also, since
the formula (5.5.7) is a direct translation into form language of the
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formula (5.5.6) any closed (n — k)-form, 7y, with the reproducing
property (5.5.7) is a representative of the cohomology class, Ty .
These remarks make sense as well for compactly supported coho-
mology. Suppose Y is compact. Then from the inclusion map we get
a pull-back map
(Ly)ﬁ : Hk(X) — Hk(Y)

and since Y is compact, the integration operation, Iy, is a map of
HF (Y) into R, so the composition of these two operations is a map,

ly : H¥(X) - R
which by (5.5.3) gets converted into a cohomology class
Ty = L' (by) € H *(X).

Moreover, if 7y € Q77*(X) is a closed form, it represents this coho-
mology class if and only if it has the reproducing property

(5.5.8) /Ty /\w:/ 1y w
b's Y

for closed forms, w, in Q" *(X). (There’s a subtle difference, how-
ever, between formula (5.5.7) and formula (5.5.8). In (5.5.7) w has
to be closed and compactly supported and in (5.5.8) it just has to
be closed.)

As above we have a lot of latitude in our choice of 7y: we can
add to it any element of dQ?~*~1(X). One consequence of this is the
following.

Theorem 5.5.1. Given a neighborhood, U, of Y in X there exists
a closed form, Ty € Q?_k(U) , with the reproducing property

(5.5.9) /Ty /\w:/ Lyw
U Y

for closed forms, w € QF(U).

Hence in particular, 7y has the reproducing property (5.5.8) for
closed forms, w € Q" *(X). This result shows that the Thom form,
Ty, can be chosen to have support in an arbitrarily small neighbor-
hood of Y. To prove Theorem 5.5.1 we note that by Theorem 5.3.8
we can assume that U has finite topology and hence, in our defini-
tion of 7y, we can replace the manifold, X, by the open submanifold,
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U. This gives us a Thom form, 7y, with support in U and with the
reproducing property (5.5.9) for closed forms w € Q"~*(U).
O

Let’s see what Thom forms actually look like in concrete examples.
Suppose Y is defined globally by a system of £ independent equations,
i.e., suppose there exists an open neighborhood, O, of Y in X, a C*°
map, f: O — Rf, and a bounded open convex neighborhood, V, of
the origin in R™ such that

(i) The origin is a regular value of f.
(5.5.10) (i) f7Y(V)is closed in X .
(i) Y = f~40).
Then by (i) and (iii) Y is a closed submanifold of O and by (ii) it’s

a closed submanifold of X. Moreover, it has a natural orientation:
For every p € Y the map

dfy : T,X — ToR"

is surjective, and its kernel is 7},Y’, so from the standard orientation
of TyR? one gets an orientation of the quotient space,

T,X/T,Y

and hence since T, X is oriented, one gets, by Theorem 1.9.4, an
orientation on T,Y. (See §4.4, example 2.) Now let 4 be an element
of Q4(X). Then f*u is supported in f~(V) and hence by property
(ii) of (5.5.10) we can extend it to X by setting it equal to zero
outside O. We will prove

Theorem 5.5.2. If

(5.5.11) / w=1,
1%
f*u is a Thom form forY .

To prove this we’ll first prove that if f*u has property (5.5.7) for
some choice of p it has this property for every choice of p.

Lemma 5.5.3. Let py and ps be forms in QY(V) with the property
(5.5.11). Then for every closed k-form, v € QF(X)

/f*ulAVZ/ frua Av.
X X
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Proof. By Theorem 3.2.1, 1 — pp = df for some 3 € Q- 1(V),
hence, since dv =0

(ffur— frfue) Av=df*BAv=d(f*BAV).

Therefore, by Stokes theorem, the integral over X of the expression
on the left is zero.
O

Now suppose p = p(z1,...,x¢)dxy A--- A dxy, for p in C§°(V). For
t<1let
1 Ty

_g R ...
(5.5.12) ut—t,o< o t> dry N--- dxy.

This form is supported in the convex set, tV, so by Lemma 5.5.3

(5.5.13) /Xf*m/\y:/xf*u/\u

for all closed forms v € QF(X). Hence to prove that f*u has the
property (5.5.7) it suffices to prove

(5.5.14) Limt_@/f*ut/\uz/ Ly
Y

We’ll prove this by proving a stronger result.

Lemma 5.5.4. The assertion (5.5.14) is true for every k-form v €
QF(X).

Proof. The canonical form theorem for submersions (see Theorem 4.3.6)
says that for every p € Y there exists a neighborhood U, of p in Y,

a neighborhood, W of 0 in R”, and an orientation preserving diffeo-
morphism ¢ : (W,0) — (Up, p) such that

(5.5.15) fotp=1

where 7 : R® — R’ is the canonical submersion, 7(z1,...,2,) =
(x1,...,2¢). Let U be the cover of O by the open sets, O — Y and
the Up’s. Choosing a partition of unity subordinate to this cover it
suffices to verify (5.5.14) for v in Q¥(O —Y) and v in QF(U,). Let’s
first suppose v is in Q¥(O —Y). Then f(suppv) is a compact subset
of R — {0} and hence for ¢ small f(suppv) is disjoint from ¢V, and
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both sides of (5.5.14) are zero. Next suppose that v is in QF(U,).
Then 9*v is a compactly supported k-form on W so we can write it
as a sum

v => hi(z)drr, hreCP(W)

the I’s being strictly increasing multi-indices of length k. Let Iy =
(0 +1,00+2,...,n). Then
1 Ty

and by (5.5.15)

V(e ANv) =T e APty

and hence since 1 is orientation preserving

* z1 Ty
f/Jt/\V:té/ p<_7"'7_)h10(x17"'7$n)d$
v L\ t

:/ p(xi,...,xo)hr, (txe, ... txe, Togq, ..., Tpn)de

and the limit of this expression as ¢ tends to zero is

/p(:nl,...,:ng)hjo(o,...,(), Tpaly .oy Tp)day ... day,

or

(5.5.17) /hI(O, cos 0, pyq, o) dapyy - - dag,

This, however, is just the integral of ¢*v over the set 7=1(0) N W.
By (5.5.14) ¢ maps this set diffeomorphically onto Y N U, and by
our recipe for orienting Y this diffeomorphism is an orientation-
preserving diffeomorphism, so the integral (5.5.17) is equal to the

integral of v over Y.
O

We’ll now describe some applications of Thom forms to topological
intersection theory. Let Y and Z be closed, oriented submanifolds of
X of dimensions k& and ¢ where k£ + ¢ = n, and let’s assume one
of them (say Z) is compact. We will show below how to define an
“Intersection number”, I(Y, Z), which on the one hand will be a
topological invariant of Y and Z and on the other hand will actually
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count, with appropriate £-signs, the number of points of intersection
of Y and Z when they intersect non-tangentially. (Thus this notion
is similar to the notion of “degree f” for a C° mapping f. On the
one hand “degree f” is a topological invariant of f. It’s unchanged
if we deform f by a homotopy. On the other hand if ¢ is a regular
value of f, “degree f” counts with appropriate +-signs the number
of points in the set, f~1(q).)

We'll first give the topological definition of this intersection num-
ber. This is by the formula

(5.5.18) I(Y,Z) = B(Ty, Ty)

where Ty € H*(X) and Ty € H¥(X) and B is the bilinear pairing
(5.4.9). If 7y € QY(X) and 77 € QF(X) are Thom forms representing
Ty and Tz, (5.5.18) can also be defined as the integral

(5.5.19) Y, z)= /X Ty ATz

or by (5.5.9), as the integral over Y,

(5.5.20) (V. 7) = /Y oy

or, since 7y A 7z = (—1)*74 A 1y, as the integral over Z

(5.5.21) I(X,Y) = (—1)’“/ Uy .
Z

In particular
(5.5.22) I(Y,Z) = (-D)¥1(2, 7).

As a test case for our declaring I(Y, Z) to be the intersection number
of Y and Z we will first prove:

Proposition 5.5.5. If Y and Z don’t intersect, then 1(Y,Z) = 0.

Proof. If Y and Z don’t intersect then, since Y is closed, U = X - Y
is an open neighborhood of Z in X, therefore since Z is compact there
exists by Theorem 5.5.1 a Thom form, 77 in Q4(U). Thus i1z = 0,
and so by (5.5.20) I(Y,Z) = 0.

O
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We'll next indicate how one computes (Y, Z) when Y and Z in-
tersect “non-tangentially”, or, to use terminology more in current
usage, when their intersection is transversal. Recall that at a point
of intersection, p € YNZ, T,Y and T},Z are vector subspaces of T),X.

Definition 5.5.6. Y and Z intersect transversally if for every p €
YNZ, T,Y NT,Z = {0}.

Since n = k+{ = dimT,Y + dim7,Z = dim T, X, this condition
is equivalent to

(5.5.23) T,X =T,Y & T,Z,

i.e., every vector, u € T,X, can be written uniquely as a sum,
u =v+w, with v.e T,V and w € T,Z. Since X, Y and Z are
oriented, their tangent spaces at p are oriented, and we’ll say that
these spaces are compatibly oriented if the orientations of the two

sides of (5.5.23) agree. (In other words if vq,..., vy is an oriented
basis of T},Y and wq,...,wy is an oriented basis of T},Z, the n vec-
tors, vi,...,Vg, wi,...,wy, are an oriented basis of T, X.) We will

define the local intersection number, I,,(Y,Z), of Y and Z at p to be
equal to +1 if X, Y and Z are compatibly oriented at p and to be
equal to —1 if they’re not. With this notation we’ll prove

Theorem 5.5.7. If Y and Z intersect transversally then Y N Z is a
finite set and

(5.5.24) 1V,2)= Y L(Y,2).
peEYNZ

To prove this we first need to show that transverse intersections
look nice locally.

Theorem 5.5.8. If Y and Z intersect transversally, then for every
p € YNZ, there exists an open neighborhood, V), of p in X, an open
neighborhood, Uy, of the origin in R™ and an orientation preserving
diffeomorphism

Yp:Vp = Up

which maps V, N'Y diffeomorphically onto the subset of U, defined
by the equations: 1 = --- = xy = 0, and maps V N Z onto the subset
of U, defined by the equations: oy = -+ = x, = 0.



5.5 Thom classes and intersection theory 267

Proof. Since this result is a local result, we can assume that X is R"
and hence by Theorem 4.2.7 that there exists a neighborhood, V,,, of p
in R" and submersions f : (V,,p) — (R¥,0) and g : (V,,p) — (R¥,0)
with the properties

(5.5.25) V,NY = f710)
and
(5.5.26) vp,NZ =g 0).

Moreover, by (4.3.4)

T,Y = (df,)7'(0)

and

T,7 = (dg,)"(0).
Hence by (5.5.23), the equations
(5.5.27) dfp(v) = dgp(v) =0
for v.€ T, X imply that v = 0. Now let ¢, : V,, = R" be the map
(f,9): V, » REx RF = R™.

Then by (5.5.27), di,, is bijective, therefore, shrinking V), if necessary,
we can assume that 1, maps V), diffeomorphically onto a neighbor-
hood, U,, of the origin in R", and hence by (5.5.25) and (5.5.26),
Y, maps V, NY onto the set: 1 = --- = 2y = 0 and maps V,, N Z
onto the set: zyy; = --- = x, = 0. Finally, if ¢ isn’t orientation
preserving, we can make it so by composing it with the involution,
(X1, e oypy) = (X1, @2, .o, Tpo1, —Tp).

O

From this result we deduce:

Theorem 5.5.9. IfY and Z intersect transversally, their intersec-
tion is a finite set.

Proof. By Theorem 5.5.8 the only point of intersection in V), is p
itself. Moreover, since Y is closed and Z is compact, Y NZ is compact.
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Therefore, since the V),’s cover Y NZ we can extract a finite subcover
by the Heine-Borel theorem. However, since no two V),’s cover the

same point of Y N Z, this cover must already be a finite subcover.
O

We will now prove Theorem 5.5.7. Since Y is closed, the map, vy :
Y — X is proper, so by Theorem 3.4.2 there exists a neighborhood,
U, of Z in X such that U NY is contained in the union of the open
sets, V), above. Moreover by Theorem 5.5.1 we can choose 7z to
be supported in U and by Theorem 5.3.2 we can assume that U
has finite topology, so we’re reduced to proving the theorem with X
replaced by U and Y replaced by Y NU. Let

o= (Uw)nvu,

let

f:0—-R*

be the map whose restriction to V,, N U is 7 o 1), where 7 is, as in
(5.5.15), the canonical submersion of R™ onto R’, and finally let V'
be a bounded convex neighborhood of R¢, whose closure is contained
in the intersection of the open sets, mo1,(V,NU). Then f~1(V) is a
closed subset of U, so if we replace X by U and Y by Y NU, the data
(f, 0, V) satisty the conditions (5.5.10). Thus to prove Theorem 5.5.7
it suffices by Theorem 5.5.2 to prove this theorem with

Ty = op(Y)f

on V,NO where 0,(Y) = +1 or —1 depending on whether the orien-
tation of Y'NV}, in Theorem 5.5.2 coincides with the given orientation
of Y or not. Thus

I(Y,Z) = (-)*1(2,Y)
— (DM gy(Y) /Z i
— ()Y () /Z S

= Z(—l)keap(Y) /va (mopoiz)p.
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But 7o), 0tz maps an open neighborhood of p in U, N Z diffeomor-
phically onto V, and p is compactly supported in V' so by (5.5.11)

/ L Eet ey =) [ n=a2

where 0,(Z) = +1 or —1 depending on whether 7 01}, 01y is orien-
tation preserving or not. Thus finally

1Y, Z2) =) (~1)"0y(Y)op(2).

We will leave as an exercise the task of unraveling these orientations
and showing that

(_1)k€UP(Y)Up(Z) =1,(Y,2)

and hence that I(Y,2) = > I,(Y, Z).

Exercises.

1. Let X be a connected, oriented n-dimensional manifold, W a
connected, oriented ¢-dimensional manifold, f: X — W a C* map,
and Y a closed submanifold of X of dimension k£ = n — £. Suppose Y
is a “level set” of the map, f, i.e., suppose that ¢ is a regular value
of f and that Y = f~!(q). Show that if x is in Q%(Z) and its integral
over Z is 1, then one can orient Y so that 7y = f*u is a Thom form
for Y.

Hint: Theorem 5.5.2.

2. In exercise 1 show that if Z7 C X is a compact oriented /-
dimensional submanifold of X then

I(Y,Z) = (=1)* deg(f o 1z).

3. Let g1 be another regular value of the map, f : X — W, and
let Y7 = f~1(g). Show that

I(Y,Z2) =11, 7).

4. (a) Show that if ¢ is a regular value of the map, fory : Z — W
then Z and Y intersect transversally.
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(b) Show that this is an “if and only if” proposition: If Y and Z
intersect transversally then ¢ is a regular value of the map, fotz.

5. Suppose ¢ is a regular value of the map, f otz. Show that p is
in Y N Z if and only if p is in the pre-image (f o tz)~'(q) of ¢ and
that

I,(X,Y) = (‘DM%

where 0, is the orientation number of the map, foiz, at p,i.e., 0, =1
if f ouy is orientation-preserving at p and o, = —1if f oz is
orientation-reversving at p.

6. Suppose the map f: X — W is proper. Show that there exists
a neighborhood, V, of ¢ in W having the property that all points of
V' are regular values of f.

Hint: Since q is a regular value of f there exists, for every p €
f~1(q) a neighborhood, U, of p, on which f is a submersion. Con-
clude, by Theorem 3.4.2, that there exists a neighborhood, V, of ¢
with f=4(V) C U U,.

7. Show that in every neighborhood, Vi, of ¢ in V there exists a
point, g1, whose pre-image

Vi=f"Yaq)

intersects Z transversally. (Hint: Exercise 4 plus Sard’s theorem.)
Conclude that one can “deform Y an arbitrarily small amount so
that it intersects Z transversally”.

8.  (Intersection theory for mappings.) Let X be an oriented, con-
nected n-dimensional manifold, Z a compact, oriented /-dimensional
submanifold, Y an oriented manifold of dimension £k = n — ¢ and
f:Y — X a proper C*® map. Define the intersection number of f
with Z to be the integral

10.20- [ 1o

(a) Show that I(f, Z) is a homotopy invariant of f, i.e., show that
if fi:Y — X,41=0,1 are proper C* maps and are properly homo-
topic, then

I(fo, Z2) = 1(f1,2).
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(b) Show that if Y is a closed submanifold of X of dimension k& =
n—{ and 1ty : Y — X is the inclusion map

I(wy,2)=1(Y,Z).

9. (a) Let X be an oriented, connected n-dimensional manifold
and let Z be a compact zero-dimensional submanifold consisting of
a single point, zp € X. Show that if x is in Q7 (X) then p is a Thom
form for Z if and only if its integral is 1.

(b) Let Y be an oriented n-dimensional manifold and f : Y — X
a C* map. Show that for Z = {2¢} as in part a

I(f, Z) = deg(f) .

5.6 The Lefshetz theorem

In this section we’ll apply the intersection techniques that we devel-
oped in §5.5 to a concrete problem in dynamical systems: counting
the number of fixed points of a differentiable mapping. The Brouwer
fixed point theorem, which we discussed in §3.6, told us that a C*
map of the unit ball into itself has to have at least one fixed point.
The Lefshetz theorem is a similar result for manifolds. It will tell us
that a C* map of a compact manifold into itself has to have a fixed
point if a certain topological invariant of the map, its global Lefshetz
number, is non-zero.

Before stating this result, we will first show how to translate the
problem of counting fixed points of a mapping into an intersection
number problem. Let X be an oriented, compact n-dimensional man-
ifold and f: X — X a C* map. Define the graph of fin X x X to
be the set

(5.6.1) Ly={(z, f(z)); zeX}.

It’s easy to see that this is an n-dimensional submanifold of X x X
and that this manifold is diffeomorphic to X itself. In fact, in one
direction, there is a C* map

(5.6.2) v X = Tf, v(x) = (z, f(2)),

and, in the other direction, a C* map

(5.6.3) m:I'y— X, (z,f(x) —=x,
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and it’s obvious that these maps are inverses of each other and hence
diffeomorphisms. We will orient I'y by requiring that vy and 7 be
orientation-preserving diffeomorphisms.

An example of a graph is the graph of the identity map of X onto
itself. This is the diagonal in X x X

(5.6.4) A={(z,x), z € X}
and its intersection with I'; is the set

(5.6.5) {(z,2), f(x) =z},

which is just the set of fixed points of f. Hence a natural way to
count the fixed points of f is as the intersection number of Iy and
Ain X x X. To do so we need these three manifolds to be oriented,
but, as we noted above, I'y and A acquire orientations from the
identifications (5.6.2) and, as for X x X, we’ll give it its natural
orientation as a product of oriented manifolds. (See §4.5.)

Definition 5.6.1. The global Lefshetz number of X is the intersec-
tion number

(5.6.6) L(f) = I(T;, A).

In this section we’ll give two recipes for computing this number:
one by topological methods and the other by making transversality
assumptions and computing this number as a sum of local intersec-
tion numbers a la (5.5.24). We'll first show what one gets from the
transversality approach.

Definition 5.6.2. The map, f, is a Lefshetz map if I'y and A in-
tersect transversally.

Let’s see what being Lefshetz entails. Suppose p is a fixed point of
f. Then at g = (p,p) € 'y

(567 TyTy) = (A TX = {(v. dfp(v)) , v € T,X}
and, in particular, for the identity map,
(5.6.8) Ty(A) ={(v,v), veT,X}.

Therefore, if A and I'y are to intersect transversally, the intersection
of (5.6.7) and (5.6.8) inside T,(X x X) has to be the zero space. In
other words if

(5.6.9) (v, dfp(v)) = (v,v)
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then v = 0. But the identity (5.6.9) says that v is a fixed point of
dfp, so transversality at p amounts to the assertion

(5.6.10) dfp(v) =vev=0,
or in other words the assertion that the map
(5.6.11) (I —dfp) T, X = T,X

is bijective. We’ll now prove

Proposition 5.6.3. The local intersection number I,(T's, A) is 1 if
(5.6.11) is orientation-preserving and —1 if not.

In other words I,(I'¢, A) is the sign of det(I — df},). To prove this

let e1,...,e, be an oriented basis of T, X and let
(5612) dfp(ez) = Z aji€j -
Now set

vi = (€;,0) € T,(X x X)
and
w; = (0,¢;) € Ty(X x X).
Then by the deifnition of the product orientation on X x X
(5.6.13) Viyeony Vi, W1, .v., Wy
is an oriented basis of T;,(X x X) and by (5.6.7)
(5.6.14) vi + Z ajiwj ..., vy + Z a;jnW;j
is an oriented basis of T;I'y and
(5.6.15) Vi +wi,. .., Vp +wy

is an oriented basis of T;A. Thus I,,(I't,A) = +1 or —1 depending
on whether or not the basis

V1+E aj,iwj,...,vn—i—g AjpW;, Vi + Wi, ..., Vy + Wy
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of T;(X x X) is compatibly oriented with the basis (5.6.12). Thus
I,(I'¢y,A) = +1 or —1 depending on whether the determinant of the
2n x 2n matrix relating these two bases:

(5.6.16) [ L4

I.1 } o A=lai]

is positive or negative. However, it’s easy to see that this determinant
is equal to det(I — A) and hence by (5.6.12) to det(I —df,). Hint: By
elementary row operations (5.6.16) can be converted into the matrix

I, A
0, T—A|"

Let’s summarize what we’ve shown so far.

Theorem 5.6.4. The map, f : X — X, is a Lefshetz map if and
only if, for every fixed point, p, the map

O

(%) I—df, : T,X - T,X

is bijective. Moreover for Lefshetz maps

(5.6.17) L(f)= > Lu(f)
=)

where Ly(f) = +1 if (x) is orientation-preserving and —1 if it’s
orientation-reversing.
We'll next describe how to compute L(f) as a topological invariant

of f. Let ¢ be the inclusion map of I'y into X x X and let Ta €
H"(X x X) be the Thom class of A. Then by (5.5.20)

L(f) = Ir,(s"Ta)

and hence since the mapping, v¢ : X — X x X defined by (5.6.2) is
an orientation-preserving diffeomorphism of X onto I'f

(5.6.18) L(f) = Ix(vfTa) -

To evaluate the expression on the right we’ll need to know some
facts about the cohomology groups of product manifolds. The main
result on this topic is the “Kiinneth” theorem, and we’ll take up the
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formulation and proof of this theorem in §5.7. First, however, we’ll
describe a result which follows from the Kiinneth theorem and which
will enable us to complete our computation of L(f).
Let w1 and 7o be the projection of X x X onto its first and second
factors, i.e., let
i XXX —-X 1=1,2

be the map, m;(z1,z2) = ;. Then by (5.6.2)

(5.6.19) T Yy = 1dx
and
(5.6.20) Ty =1[.

Lemma 5.6.5. If w; and wy are in Q"(X) then

(5.6.21) [ mwnnmgon= ([ o) ([ ).

Proof. By a partition of unity argument we can assume that w; has
compact support in a parametrizable open set, V;. Let U; be an open
subset of R™ and ¢; : U; — V; an orientation-preserving diffeomor-
phism. Then

piw=pidry A A dzy,

with p; € C§°(U;), so the right hand side of (5.6.21) is the product
of integrals over R":

(5.6.22) / o () da / p() dz.

Moreover, since X x X is oriented by its product orientation, the
map

1/):U1XU2—>V1XV2
mapping (x,y) to (p1(x), ¢2(y)) is an orientation-preserving diffeo-
morphism and since 7; 0 ¢ = ;

Y (miwy A Tawa) = piwi A Paws
=p1(x)p2(y)dzy A~ Ndxy Ndyp A -+ A dyp

and hence the left hand side of (5.6.21) is the integral over R?" of
the function, pi(x)p2(y), and therefore, by integration by parts, is
equal to the product (5.6.22).

O



276 Chapter 5. Cohomology via forms

As a corollary of this lemma we get a product formula for coho-
mology classes:

Lemma 5.6.6. If ¢; and cy are in H"(X) then
(5.6.23) IXXX(T(Tcl '7['562) :IX(Cl)IX(CQ).

Now let d), = dim H*(X) and note that since X is compact,
Poincaré duality tells us that d = dy when ¢ = n — k. In fact it
tells us even more. Let

pe, i=1,...,d

be a basis of H*(X). Then, since the pairing (5.4.9) is non-singular,
there exists for £ = n — k a “dual” basis

j=1,...,d

of H'(X) satisfying

(5.6.24) Ix(uf - vh) =6;;.

Lemma 5.6.7. The cohomology classes

(5.6.25) W%I/ﬁ : Wg,ufj, E+¢=n

fork=0,...,n and 1 <r,s <dg, are a basis for H"(X x X).

This is the corollary of the Kiinneth theorem that we alluded to
above (and whose proof we’ll give in §5.7). Using these results we’ll
prove

Theorem 5.6.8. The Thom class, Ta, in H"(X x X) is given ex-
plicitly by the formula

di
(5.6.26) Ta= > (-1 afuf-ahol.
k+l=n i=1

Proof. We have to check that for every cohomology class, ¢ € H™(X x
X), the class, Ta, defined by (5.6.26) has the reproducing property

(5.6.27) Ixxx(Ta-c) = IA(LﬁAC)
where ¢ is the inclusion map of A into X x X. However the map

A X =X xX, z—(z,2)
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is an orientation-preserving diffeomorphism of X onto A, so it suf-
fices to show that

(5.6.28) Ixxx(Ta - ¢) = Ix(v4c)

and by Lemma 5.6.7 it suffices to verify (5.6.28) for ¢’s of the form

. A
€= TV, THllg .

The product of this class with a typical summand of (5.6.26), for
instance, the summand

(5.6.29) (—1)”7?%2“/ . wguf, K+0 =n,

is equal, up to sign to,

gk 0 4kl
MMy Vs Tofhs " Vi .

Notice, however, that if k # k' this product is zero: For k < k’, k' +/
is greater than k + ¢ and hence greater than n. Therefore

pi vp € HOFH(X)

is zero since X is of dimension n, and for k > £/, ¢’ is greater than ¢
and p* - Vf/ is zero for the same reason. Thus in taking the product
of Ta with ¢ we can ignore all terms in the sum except for the terms,
k' =k and ¢ = (. For these terms, the product of (5.6.29) with ¢ is

(—1)Rerlul - vl mhpk vf

2

(Exercise: Check this. Hint: (—1)¢(—=1)" =1.) Thus
Taom (-0 il otk o
i

and hence by Lemma 5.6.5 and (5.6.24)

~

Inoxx(Ta - ¢) = (=M " Ic(uf - o) Ix (uf - )
- (_1)]% Z 5@'7"52'3

= (—=1)k5,, .
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On the other hand for ¢ = ﬂ%uf . Wg,u’;

vhe = AAmivt A mhuk

= (m1-a) vy (o ya)
=vp g
since
T - UA = g - YA = tdx .
So

Lx(vhe) = Ix(v) - ) = (=)
by (5.6.24). Thus the two sides of (5.6.27) are equal.
U

We're now in position to compute L(f) , i.e., to compute the

expression Ix(y;Ta) on the right hand side of (5.6.18). Since vl

i=1,...,dg is a basis of H*(X) the linear mapping
(5.6.30) e HY(X) — HY(X)

can be described in terms of this basis by a matrix, [f/] with the

defining property
fivi = Z fiiv; -

Thus by (5.6.26), (5.6.19) and (5.6.20)

jjTA—'Yf Z Zﬂlu

k+l=n 1

—Z Z (1 - ’Yf)ﬁ,u (Wz'Vf)ﬁVf

=Y (-1 ZZuffﬁV-g
=D (=D g v
Thus by (5.6.24)
Ix(¥3Ta) = > (=1 > flilx(uf - vf)
(D)"Y £

2

]
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But ), ffi is just the trace of the linear mapping (5.6.30) (see ex-
ercise 12 below), so we end up with the following purely topological
prescription of L(f).

Theorem 5.6.9. The Lefshetz number, L(f) is the alternating sum

(5.6.31) Z(—l)g Trace (f*),
where Trace (f*), is the trace of the mapping

4 HY(X) - HY(X).

Exercises.

1. Show that if fo : X — X and f; : X — X are homotopic C*®
mappings L(fo) = L(f1).

2. (a) The Euler characteristic, x(X), of X is defined to be the
intersection number of the diagonal with itself in X x X, i.e., the
“self-intersection” number

I(AA) = Ixxx(Ta,TA) .

Show that if a C* map, f : X — X is homotopic to the identity,
Ly = x(X).
(b) Show that

(5.6.32) (X)) = i(-l)z dim H*(X).
£=0
(¢) Show that x(X) =0 if n is odd.

3. (a) Let S™ be the unit n-sphere in R"*1. Show that if g :
S™ — 8™ is a C* map

L(g) = 14 (—=1)"(deg) (g) -

(b) Conclude that if deg(g) # (—1)"*!, then ¢ has to have a fixed
point.
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4. Let f be a C>® mapping of the closed unit ball, B"*!, into itself
and let g : S™ — S™ be the restriction of f to the boundary of B"+!.
Show that if deg(g) # (—1)"*! then the fixed point of f predicted
by Brouwer’s theorem can be taken to be a point on the boundary
of B"t1,

5. (a) Show thatifg: S™ — S™ is the antipodal map, g(z) = —z,
then deg(g) = (—1)"*1.
(b) Conclude that the result in #4 is sharp. Show that the map

f:B™ = B f(a) = —x,

has only one fixed point, namely the origin, and in particular has no
fixed points on the boundary.

6. Let v be a vector field on X. Since X is compact, v generates
a one-parameter group of diffeomorphisms

(5.6.33) fir X=X, —co<t<oo.

(a) Let Y, be the set of fixed points of f;. Show that this set
contains the set of zeroes of v, i.e., the points, p € X where v(p) = 0.

(b) Suppose that for some tg, f, is Lefshetz. Show that for all ¢, f;
maps ), into itself.

(c) Show that for [t| < ¢, € small, the points of ), are fixed points
of ft-
(d) Conclude that }_, is equal to the set of zeroes of v.

(e) In particular, conclude that for all ¢ the points of ), are fixed
points of f;.

7. (a) Let V be a finite dimensional vector space and
Fit): V-V, —co<t<oo
a one-parameter group of linear maps of V' onto itself. Let A = % (0).

Show that F'(t) = exptA. (See §2.1, exercise 7.)

(b) Show that if I — F(tg) : V — V is bijective for some t¢, then
A 'V — V is bijective. Hint: Show that if Av = 0 for some v €
V —{0}, F(t)v=v.
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8. Let v be a vector field on X and let (5.6.33) be the one-
parameter group of diffeomorphisms generated by v. If v(p) = 0
then by part (a) of exercise 6, p is a fixed point of f; for all ¢.

(a) Show that
(dfy) : T, X — Tp,X
is a one-parameter group of linear mappings of 7, X onto itself.

(b) Conclude from #7 that there exists a linear map
(5.6.34) Ly(p): T,X - T,X
with the property

(5.6.35) exptLy(p) = (dft)p -

9.  Suppose fy, is a Lefshetz map for some tg. Let a = to/N where
N is a positive integer. Show that f, is a Lefshetz map. Hints:

(a) Show that
fio = fao- 0 fa=FfY
(i.e., fo composed with itself N times).
(b) Show that if p is a fixed point of f,, it is a fixed point of fy,.

(c) Conclude from exercise 6 that the fixed points of f, are the
zeroes of v.

(d) Show that if p is a fixed point of f,,
(dfto)p = (dfa);fzv-

(e) Conclude that if (df,),v = v for some v € T,X — {0}, then
(dfy,)pv = V.

10.  Show that for all ¢, L(f:) = x(X). Hint: Exercise 2.

11. (The Hopf theorem.) A vector field v on X is a Lefshetz vector
field if for some tg, fi, is a Lefshetz map.

(a) Show that if v is a Lefshetz vector field then it has a finite
number of zeroes and for each zero, p, the linear map (5.6.34) is
bijective.
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(b) For a zero, p, of vlet o, (v) = +1 if the map (5.6.34) is orientation-
preserving and —1 if it’s orientation-reversing. Show that

xX(X) = Z op(v).

v(p)=0

Hint: Apply the Lefshetz theorem to f,, a =to/N, N large.

12.  (The trace of a linear mapping: a quick review.)

For A = [a;;] an n X n matrix define

trace A = Z Q-

(a) Show that if A and B are n X n matrices

trace AB = trace BA.

(b) Show that if B is an invertible n x n matrix

trace BAB™! = trace A.

(¢) Let V be and n-dimensional vector space and L : V — V a
liner map. Fix a basis vq,...,v, of V and define the trace of L to be
the trace of A where A is the defining matrix for L in this basis, i.e.,

LVZ' = Z CL]'J'V]' .
Show that this is an intrinsic definition not depending on the basis
Vi,eeny Vi
5.7 The Kiinneth theorem

Let X be an n-dimensional manifold and Y an r-dimensional mani-
fold, both of these manifolds having finite topology. Let

mT: X xY =X
be the projection map, m(z,y) = x and

p: X xY =Y
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the projection map (x,y) — y. Since X and Y have finite topology
their cohomology groups are finite dimensional vector spaces. For
0<k<nlet

pk 1 <i<dimH*X),

be a basis of Hk(X) and for 0 < /¢ <7 let

vy, 1<j<dimHYY)
be a basis of H*(Y)). Then for k + ¢ = m the product, 7} 'pﬁuf, is
in H™(X x Y). The Kiinneth theorem asserts

Theorem 5.7.1. The product manifold, X XY, has finite topology
and hence the cohomology groups, H™(X xY') are finite dimensional.
Moreover, the products over k + /0 =m

(5.7.1) 7w pt, 0<i <dimHM(X), 0<j < dim HY(Y),

are a basis for the vector space H™(X x Y).

The fact that X x Y has finite topology is easy to verify. If U;,
i=1,...,M,is a good cover of X and V;, j =1,...,N, is a good
cover of Y the products of these open sets, U; x U;, 1 <i < M, 1<
j < N is agood cover of X xY: For every multi-index, I, Uy is either
empty or diffeomorphic to R”, and for every multi-index, J, V; is
either empty or diffeomorphic to R”, hence for any product multi-
index (I,J), Uy x Vj is either empty or diffeomorphic to R™ x R".
The tricky part of the proof is verifying that the products, (5.7.1)
are a basis of H™(X x Y'), and to do this it will be helpful to state
the theorem above in a form that avoids our choosing specified bases
for H*(X) and H*(Y). To do so we’ll need to generalize slightly the
notion of a bilinear pairing between two vector space.

Definition 5.7.2. Let Vi, Vo and W be finite dimensional vector
spaces. A map B : Vi3 x Vo — W is a bilinear map if it is linear in
each of its factors, i.e., for vo € Vo the map

veV; — B(Vl,Vg)

i a linear map of V1 into W and for vi € Vi so is the map

v e Vy— B(vy,v).
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It’s clear that if By and By are bilinear maps of V7 x V5 into W
and A\ and Ay are real numbers the function

MB1L+XBy : Vi x Vo =W

is also a bilinear map of V; x V5 into W, so the set of all bilinear
maps of V1 x V, into W forms a vector space. In particular the set of
all bilinear maps of V7 x V45 into R is a vector space, and since this
vector space will play an essential role in our intrinsic formulation of
the Kiinneth theorem, we’ll give it a name. We’ll call it the tensor
product of Vi* and V5 and denote it by V|* ® V5. To explain where
this terminology comes from we note that if /1 and £y are vectors in
Vi and V5 then one can define a bilinear map

(5.7.2) LRl Vi x Vo —R

by setting (¢1 ® ¢3)(v1,va) = ¢1(v1)l2(v2). In other words one has a
tensor product map:

(5.7.3) Vix Vs - Ve Vy
mapping (¢1,42) to {1 ® l5. We leave for you to check that this is a
bilinear map of V{* x V5 into V{* ® V5" and to check as well

Proposition 5.7.3. If Eil, it =1,...,m is a basis of VJ* and 6?,
j=1,...,nis a basis of V5 thenﬁ}@f?, 1<i<m,1<j<mn,is
a basis of V' @ V.

Hint: If Vi and V5 are the same vector space you can find a proof

of this in §1.3 and the proof is basically the same if they're different
vector spaces.

Corollary 5.7.4. The dimension of Vi* ® V5 is equal to the dimen-
sion of Vi* times the dimension of V5.

We’ll now perform some slightly devious maneuvers with “duality”
operations. First note that for any finite dimensional vector space,
V', the pairing

(5.7.4) VxV* =R, (v,0) — €v)

is a non-singular bilinear pairing, so, as we explained in §5.4 it gives
rise to a bijective linear mapping

(5.7.5) V — (V)"
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Next note that if
(5.7.6) L:VixVo—W

is a bilinear mapping and ¢ : W — R a linear mapping (i.e., an
element of W*), then the composition of £ and L is a bilinear mapping

loL:VixVo—R

and hence by definition an element of V*®@ V5. Thus from the bilinear
mapping (5.7.6) we get a linear mapping

(5.7.7) LYW = VoV,

We’ll now define a notion of tensor product for the vector spaces
V7 and V5 themselves.

Definition 5.7.5. The vector space, V1 ® Vo is the vector space dual
of Vi* @ Vi, i.e., is the space

(5.7.8) VieV,= (Ve Vy)".
One implication of (5.7.8) is that there is a natural bilinear map
(5.7.9) VixVo—=V1@Vs.

(In (5.7.3) replace V; by V;* and note that by (5.7.5) (V;*)* = V;.)
Another is the following:

Proposition 5.7.6. Let L be a bilinear map of Vi x Vo into W.
Then there exists a unique linear map

(5.7.10) L Vi@V, —-W

with the property

(5.7.11) L¥(vi @ va) = L(vy,va)

where vi ® vo is the image of (v1,ve) with respect to (5.7.9).

Proof. Let L¥ be the transpose of the map L* in (5.7.7) and note
that by (5.7.5) (W*)* =W.
O



286 Chapter 5. Cohomology via forms

Notice that by Proposition 5.7.6 the property (5.7.11) is the defin-
ing property of L# . it uniquely determines this map. (This is in fact
the whole point of the tensor product construction. Its purpose is to
convert bilinear objects into linear objects.)

After this brief digression (into an area of mathematics which some
mathematicians unkindly refer to as “abstract nonsense”) let’s come
back to our motive for this digression: an intrinsic formulation of the
Kiinneth theorem. As above let X and Y be manifolds of dimension
n and r, respectively, both having finite topology. For k+ ¢ = m one
has a bilinear map

H*(X) x HY(Y) —» H™(X xY)

mapping (c1, c2) to ¢y - p*cg, and hence by Proposition 5.7.6 a linear
map

(5.7.12) HMX)o HY(Y) - H™M(X xY).

Let
H'(X xY)= Y HYX)®H(Y).
k+l=m

The maps (5.7.12) can be combined into a single linear map
(5.7.13) H™MX xY) = H™X x Y)

and our intrinsic version of the Kiinneth theorem asserts
Theorem 5.7.7. The map (5.7.13) is bijective.

Here is a sketch of how to prove this. (Filling in the details will
be left as a series of exercises.) Let U be an open subset of X which
has finite topology and let

HW(U) = Ej HYU) @ HY(Y)
k+l=m
and

Hy'(U)=H™U xY).
As we’ve just seen there’s a Kiinneth map

k:HP(U) — HY(U).
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Exercises.

1.  Let Uy and Us be open subsets of X, both having finite topology,
and let U = Uy U Usy. Show that there is a long exact sequence:

L HP(U) — HPUD)SH (Us) — HP(UINUR) —— HPHH(U) —

Hint: Take the usual Mayer—Victoris sequence:
2 BYNU) — HY U@ HMUy) — HY(UNUR) — H L (U) —

tensor each term in this sequence with H(Y") and sum over k + £ =
m.

2. Show that for Ho there is a similar sequence. Hint: Apply
Mayer—Victoris to the open subsets U; x Y and Uy x Y of M.

3. Show that the diagram below commutes. (This looks hard but
is actually very easy: just write down the definition of each arrow in
the language of forms.)

L HP(U)—HG(Uh) @ H (Us)—HG (Ur N Us) - HE+ (U)—

] T

LHP(U)—H(UL) @ HP (Us)—HP(Ur N Us)—HH (U)—

4.  Conclude from Exercise 3 that if the Kiinneth map is bijective
for Uy, Uy and U; N Us it is bijective for U.

5. Prove the Kinneth theorem by induction on the number of
open sets in a good cover of X. To get the induction started, note
that

H*(X xY) = HFY)

if X = R"™. (See §5.3, exercise 11.)



